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tions on HilbertSpa
eB. J. C. BaxterDepartment of Mathemati
s,Imperial College, London SW7 2BZ,Englandb.baxter�i
.a
.ukwww.ma.i
.a
.uk/�baxterA fun
tion f : [0;1)! R for whi
h the quadrati
 formnXj=1 nXk=1 ajakf(kxj � xkk2)is non-negative, for any positive integers n and d and all points x1; : : : ; xnlying in Rd , where k � k denotes the Eu
lidean norm, is said to be positivede�nite on Hilbert spa
e. In S
hoenberg (1938), it was shown that a fun
tionis positive de�nite on Hilbert spa
e if and only if it is 
ompletely monotoni
.Unfortunately, S
hoenberg's proof was rather 
ompli
ated. In this paper, wepresent a short geometri
 proof of this beautiful fa
t.1. Introdu
tionLet f : [0;1)! R be a fun
tion for whi
h the quadrati
 formnXj=1 nXk=1 ajakf(kxj � xkk2)is non-negative, for any positive integers n and d and all points x1; : : : ; xnlying in Rd , where k � k denotes the Eu
lidean norm. In other words, if H isany Hilbert spa
e that is isomorphi
 to `2(Z), then f : [0;1) ! R has theproperty that every matrix�f(kxj � xkk2)�nj;k=1 (1.1)is non-negative de�nite, for any positive integer n and any points x1; : : : ; xn 2H. A

ordingly, we say that f is positive de�nite on Hilbert spa
e, al-though we remark that mu
h of the literature prefers the more 
umbersometerm \positive de�nite on every Rd". Su
h fun
tions were 
hara
terizedby I. J. S
hoenberg in a remarkable series of seminal papers 
olle
ted inS
hoenberg (1988), wherein he was able to show that the 
lass of fun
tions



2 B. J. C. Baxterpositive de�nite on Hilbert spa
e is pre
isely the set of 
ompletely monotoni
fun
tions. We re
all that f : (0;1) ! R is 
ompletely monotoni
 providedthat (�1)kf (k)(x) � 0; for every k = 0; 1; : : : and for 0 < x <1:The theory of positive de�nite fun
tions on Hilbert spa
e has had greatimpa
t in many �elds; see Mi

helli (1986) and the survey of metri
 geometryin S
hoenberg (1988).Unfortunately, S
hoenberg's proof was rather 
ompli
ated. Spe
i�
ally,he �rst derived an integral representation for radially symmetri
 positivede�nite fun
tions on Rd . A 
areful limiting argument, similar in 
avourto the Central Limit Theorem, was then used to prove that positive de�n-ite fun
tions on Hilbert spa
e are Lapla
e transforms of �nite positive Borelmeasures de�ned on the half-line [0;1). Su
h Lapla
e transforms are knownto be the 
ompletely monotoni
 fun
tions, by a 
elebrated theorem of Bern-stein (see, for instan
e, Widder (1946)). In this paper, we present a shortdire
t proof that postive de�nite fun
tions on Hilbert spa
e are 
ompletelymonotoni
. Further, our proof is based on a geometri
 
onstru
tion �rstused in Baxter (1991).2. Positive De�nite Fun
tions on Hilbert Spa
eIn this note, H 
an be any Hilbert spa
e isomorphi
 to `2(Z).De�nition 2.1. A fun
tion f : [0;1) ! R will be 
alled positive de�niteon Hilbert spa
e (HPD) if the matrix�f(kxj � xkk2)�nj;k=1 (2.1)is non-negative de�nite for every positive integer n and any points x1; : : : ; xn 2H. We shall 
all any matrix of the form (2.1) a distan
e matrix.The 
lassi
al theory of positive de�nite fun
tions provides the well-knowninequality jf(t)j � f(0);but a stronger bound holds for HPD fun
tions.Proposition 2.1. Every HPD fun
tion is non-negative.Proof. Let e1; e2; : : : be any orthonormal sequen
e in H and 
hoose anynonzero real number �. Using the relation f(k�ej � �ekk2) = f(2�2), for



Positive Definite Fun
tions on Hilbert Spa
e 3j 6= k, we �nd0 � 0BB� 11...11CCAT �f(k�ej��ekk2�nj;k=10BB� 11...11CCA = nf(0)+ 12n(n�1)f(2�2): (2.2)Hen
e, for n � 2, we have f(2�2) + 2f(0)n� 1 � 0: (2.3)Letting n ! 1, we 
on
lude f(2�2) � 0 for every nonzero real number �.�In fa
t, HPD fun
tions satisfy a mu
h stronger property. We re
all that,for any h > 0, the forward di�eren
e operator �h is de�ned by the equation�hf(t) := f(t+ h)� f(t); t � 0; (2.4)so that �hf : [0;1)! R. Of 
ourse, �mh f := �h(�m�1h f).Theorem 2.2. If f : [0;1)! R is HPD, then (�1)m�mh f is also HPD, forevery h > 0 and positive integer m.Proof. It is suÆ
ient to prove that ��hf is HPD. To this end, let x1; : : : ; xnbe any ve
tors in H, and 
hoose any unit ve
tor y 2 H that is orthogonalto x1; : : : ; xn. We now let A denote the 2n� 2n distan
e matrix generatedby the points x1; : : : ; xn; x1 + h1=2y; : : : ; xn + h1=2y:It is easily 
he
ked that A = �B CC B� ;where the n� n matri
es B and C are given by the equationsBjk = f(kxj � xkk2); 1 � j; k � n;andCjk = f(kxj � (xk + h1=2y)k2) = f(kxj � xkk2 + h); 1 � j; k � n:Now, given any ve
tor a 2 Rn , and sin
e f is HPD, we have0 � � a�a�T A� a�a� = 2aT (B � C)a � 2aTDa;where Djk = ��hf(kxj � xkk2); 1 � j; k � n:Hen
e ��hf is HPD. �



4 B. J. C. BaxterA standard limiting argument then allows us to dedu
e that f is 
om-pletely monotoni
. The sli
k 
onstru
tion of Theorem 2.2 was, in fa
t, dis-tilled from a more elaborate geometri
 arti�
e to be found in Se
tion 3 ofBaxter (1991), des
ribed below.We �rst 
hoose any points x1; : : : ; xn 2 H and let a1; : : : ; an be realnumbers. We now pi
k a positive integer m and any set of orthonormalve
tors e1; : : : ; em 2 H that are orthogonal to x1; : : : ; xn. The verti
es ofthe 
ube generated by the 
losed 
onvex hull of e1; : : : ; em will be denotedy1; y2; : : : ; y2m , their order being irrelevant. We shall also writeyk = mX̀=1 yk(`)e`; 1 � k � 2m:Let us now introdu
e the new 
on�guration of pointsnxj + h1=2yk : 1 � j � n; 1 � k � 2mo : (2.5)The 
oeÆ
ient asso
iated with the point xj + h1=2yj will be�(j; k) = aj(�1)yk(1)+���+yk(m); 1 � j � n; 1 � k � 2m: (2.6)Thus0 � Q := nXj1=1 2mXk1=1 nXj2=1 2mXk2=1�(j1; k1)�(j2; k2)f(k(xj1+h1=2yk1)�(xj2+h1=2yk2)k2);(2.7)be
ause f is HPD. However, by 
onstru
tion,k(xj1 + h1=2yk1)� (xj2 + h1=2yk2)k2 = kxj1 � xj2k2 + hkyk1 � yk2k2; (2.8)and the squared distan
es fkyk1 � yk2k2 : 1 � k1; k2 � ng take the values0; 1; 2; : : : ;m, the distan
e ` o

uring with frequen
y �m̀�. Further, if kyk1 �yk2k2 = `, then(�1)yk1 (1)+���+yk1(m)(�1)yk2 (1)+���+yk2(m) = (�1)`;so that 0 � Q= nXj1=1 nXj2=1 aj1aj2 mX̀=0(�1)`�m̀�f(kxj1 � xj2k2 + h`)= nXj1=1 nXj2=1 aj1aj2(�1)m�mh f(kxj�1 � xj2k2): (2.9)



Positive Definite Fun
tions on Hilbert Spa
e 5Finally, we re
all the elementary formula (see, for example, Davis (1975))(�1)m�mh f(t) = mX̀=0(�1)`�m̀�f(t+ h`):REFERENCESB. J. C. Baxter (1991), \Conditionally positive fun
tions and p-norm distan
ematri
es", Constr. Approx. 7, 427{440.P. J. Davis (1975), Interpolation and Approximation, Dover.C. A. Mi

helli (1986), \Interpolation of s
attered data: distan
e matri
es and
onditionally positive fun
tions", Constr. Approx. 2, 11-22.I. J. S
hoenberg (1938), \Metri
 spa
es and 
ompletely monotone fun
tions", Ann.of Math. 39, 811-841.I. J. S
hoenberg (1988), Sele
ted Papers, Volume 1, ed. C. deBoor, Birkha�user.D. V. Widder (1946), The Lapla
e Transform, Prin
eton University Press.


