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1. Introduction

In this paper we establish convergence rates for semi-discrete station-
ary RBF schemes for the classical heat equation and, more generally, for a
large class of translation invariant pseudo-differential evolution equations
which include the fractional heat equation and the Kolmogorov-Fokker-
Planck equations of Lévy processes (under natural conditions on the Lévy
measure), but also hyperbolic equations such as the half-wave equation.

The scheme we investigate is the RBF-version of the method of lines,
whose numerical performance was examined in for example [2], [8], [12] [5],
[6]. For the theoretical analysis of this paper, we will study this scheme
when implemented on regular square grids with a grid size tending to 0. We
use stationary RBF-interpolation, letting the basis function scale with the
grid. Our main results will relate the order of convergence of the scheme to
the degree of the operator and to the order of the underlying RBF interpola-
tion. The latter will only be algebraic, since we use stationary interpolation,
but can be arbitrarily large, depending on the basis function. We will fur-
thermore show that under certain circumstances approximate approximation
phenomena occur, in the sense that, in case of non-convergence of the scheme
to the true solution, one can nevertheless get arbitrarily close to the real so-
lution by an appropriate choice of basis function, or, if the scheme does
converge, one can, for initial values which are sufficiently smooth, observe
an apparent order of convergence which is bigger than the actual one for
grid-sizes which are small but not too small.

We do not limit ourselves to particular examples of RBFs such as the
generalized multiquadrics or the polyharmonic basis functions, but perform
our analysis for a general class of basis functions which we define in section
2. Since this class is a generalization of one introduced by Martin Buhmann
in [3] and by which it was inspired, we have called it the Buhmann class.
We will analyze the properties of our scheme in Fourier space and, for that
reason, first re-examine in section 3 the convergence of RBF-interpolation
on regular grids from the Fourier point of view by deriving precise estimates
for the Wiener norm of the difference between a function and its RBF-
interpolant. Our convergence theorems have a non-zero intersection with
classical results of Buhman, Powell and and others?, strengthening these in
some respects. Despite the use of the Wiener norm we can allow certain
classes of polynomially increasing functions. The Fourier transform of such
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a function will have a non-integrable algebraic singularity at 0, and the
allowed order of the singularity (and therefore the allowed rate of growth
of the function) will depend on the basis function which is used for the
interpolation. In section 4 we show that the convergence rates which we
found in section 3 is best possible, and discuss approximate approximation.

The next two sections examine the convergence of the RBF-variant of the
method of lines, first, in section 5, for the in many respects typical case of
classical heat equation before indicating, in section 6, how to extend the
results to a general class of class of pseudo-differential evolution equations.
We show that the scheme converges at a rate of h"~9, where ¢ is the order
of the operator (¢ = 2 for the heat equation) and « the order of convergence
of the underlying RBF-interpolation scheme, which is also the order of the
singularity in 0 of the Fourier transform of the basis function which is used.
We show that this rate in in general optimal, and again show there is an
approximate approximation phenomenon, in the sense that for appropriate
basis functions which are sufficiently ”flat” and with sufficiently smooth
initial data there can be an apparent higher order of convergence when h is
not too small, which is determined by the degree of smoothness of the initial
data. This is shown to explain the empirical convergence rates which were
found in [2].

One limitation of the present analysis is that we have restricted ourselves
to interpolation on regular grids of scaled integer points, whereas one of
the strengths of the RBF method is that one can use arbitrarily scattered
interpolation points, opening up the way to adaptive methods (this flexi-
bility may be especially important for variable coefficient linear differential
operators or non-linear ones). Note, however, that the much-used Finite Dif-
ference methods are usually restricted to regular grids also, and that even
on regular grids the RBF method of this paper can have definite advantages
over the FD methods: they do not discretize the operator, and can there-
fore be better suited when the latter has a singular kernel, such as for the
Kolmogorov backward equation of a Lévy processes: see [2]. Another lim-
itation is that we only have treated translation invariant operators, which
are Fourier multiplier operators. These do however already include large
classes of operators which are of interest of applications, such as the afore-
mentioned Kolmogorov-Fokker-Planck equations of certain Lévy processes
or the fractional heat equation. It would obviously be interesting to gen-
eralize our results to variable coefficient PDEs, but this may require other
methods. Finally, as noted, we primarily examine convergence in Wiener
norm. It would also be interesting to examine convergence of the scheme in
the L? norm or, more generally, Sobolev norms.

Notational convention(s): C denotes the usual ”variable constant”, whose
precise numerical value is allowed to change from one occurrence to the
other. R

We use the following convention for the Fourier transform f = F(f) of
an integrable function f on R";

~

F© = [ fl@)edz,
Rn
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(z,€) being the Euclidean inner product on R"™. We will routinely use the
extension of the Fourier transform F to the space of tempered distribu-
tions S'(R™), where S(R™) is the usual Schwarz-space of rapidly decreasing
functions.

For s € R, let LL(R") be the space of measurable functions on R™ for
which

(1) I

m:/XHMWWM@<w
Rn

We will also need the weighted L>-spaces L°(R™) of measurable functions
such that

(2) [ flloc,s := sup (1 + [])°[f(z)].

reR™
If s <0, an element f of L°(R™) is of polynomial growth of order at most
[sl: 1£(@)] < C(1 + [o]) on BY, with € = [|]|ocs.

Derivatives of functions f = f(z) on R™ will be denoted by 9% f(x) or
by f@(z), @ € N* a multi-index. If K € N and X € (0,1], then C;**(R™)
will denote the Holder space of K-times differentiable functions on R™ with
bounded derivatives of all orders, such that the derivatives of order K satisfy
a uniform Holder condition on R™ with exponent A, provided with the norm

Do oo+ D o

la|<K la|l=K

where ||g]lo;x == supe, [9(§) — g(n)l/[€ = nl*.

Finally, |z] and [z] denote the usual floor and ceiling functions, defined
as the greatest, respectively smallest integer which is less than, respectively
greater than a real number z; note that [z] = |z] + 1 if ¢ N, while
[x] = || = x otherwise.

2. A class of basis functions for interpolation on a regular grid

2.1. The Buhmann class. We introduce a large and flexible class of basis
functions which is well-suited for stationary interpolation on regular grids.
Since this class of functions is a slight generalisation of one introduced earlier
by Buhmann [3] (called admissible in there) we will call it the Buhmann class.
From the onset, we will allow non-radial basis functions, radiality not being
essential for most of the theory (as is of course well known).

Definition 2.1. For k > 0 and N > n we define the Buhmann class
B, n(R™) as the set of functions ¢ € C(R™) such that

i) ¢ is of polynomial growth of order strictly less than s, in the sense that
2
p e L=, . (R") for some € > 0.

(ii) (Regularity and strict positivity.) The restriction to R™\ 0 of the Fourier
transform @ := F(p) (in the sense of tempered distributions) can be identi-
fied with a function in C"*+L%J+1(R" \ 0), which we will continue to denote
by @, which is pointwise strictly positive: @(n) > 0 for all n € R™\ 0.
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(iii) (Elliptic singularity at 0.) There exist positive constants ¢, C' such that
for all |a| <n+ k] +1,

(3) 003 < Clypl =1l [n| <1,
while also
(4) o(n) = cnl™", Inl < 1.

(iv) (Decay at infinity.) There exist positive constants Cy, |a| < n+|k|+1,
such that

(5) 003(n)| < Calnl™™, In| > 1.

We use the term ”elliptic” for condition (iii) because of the ressemblance of
(3) and (4) with the ellipticity condition on symbols in pseudo-differential
theory (where the singularity would be at infinity). The significance of
n+ |k| + 1 is that this is the smallest integer which is strictly greater than
n+ k. (Note that if K ¢ N, then n+ |k| +1 = n+ [s].) Conditions (ii) and
(iii) for derivatives up till this order will imply polynomial decay of order
n —+ k of the associated Lagrange interpolation function which we will define
below. Requiring higher order differentiability would not improve this rate
of decay: n + & is best possible, under condition (iii).

In some if not all of the results of this paper, strict positivity of  on R™\0
could have been replaced by the weaker condition that the ”periodisation”
of @, >, @(n+ 2mk), be point wise strictly positive on all of R", as in [3];
note that by (5) with « = 0, this series converges absolutely on R™ \ Z" ,
given that N > n, while it can be set equal to oo on Z", in view of (4).
Since for most of the radial basis functions used in practice, @(n) itself is
already strictly positive, we have opted to impose the stronger condition,
also to simplify our proofs, some of which are already fairly long.

Remarks 2.2. (i) Buhmann [3] studied stationary RBF interpolation on
regular grids for a slightly more restricted class of radial basis functions.
The main difference between his original class and the one of our definition
2.1 (besides, as already mentioned, Buhmann requiring strict positivity of
the periodisation of @ instead of of @ itself) lies in condition (iii), where
Buhmann asks that for small |n|, $(n) be asymptotically equivalent to a
positive multiple of |n|~* modulo an relative error which has to be sufficiently
small: $(n) = Aln|~"(1 + h(n)) with [9yh(n)| = O(|n|z=1el) as n — 0 for
o] < n+ |k]+ 1, with an € > [k] — kUnder these conditions Buhmann
proved the existence of a unique Lagrange function for interpolation on
Z"™, constructed as an infinite linear combination of translates of ¢, which
moreover decays as || """ at infinity. This fundamental result remains true
for ¢’s in B, y(R™): see theorem 2.3 below and and its proof in Appendix
A. The condition that € > [k] — & is in our treatment made unnecessary by
lemma A.2.

(ii) All conditions in definition 2.1 except the first are on the Fourier trans-
form of ¢. One can show (cf. Appendix A) that if the Fourier transform of



CONVERGENCE STATIONARY RBF SCHEMES 5

a polynomially increasing function ¢ satsifies (ii), (iii) and (iv), then there
exists a function @(z) which grows at most as max(|z|* " log |z|, 1) at infin-
ity (and, slightly better, as max(|z|"~",1) if ¥ ¢ N) and a polynomial P(x)
such that
p(x) = o(z) + P(x).

The function ¢ is unique modulo polynomials of degree | x| —n. If we more-
over require @ to have polynomial growth of order strictly less than k, as in
definition 2.1, then P(z) will be a polynomial of degree of at most [k] — 1
(whichis |k|if & ¢ N, and k—1if k € N). Note that the Fourier transform of
a polynomial is a linear combination of derivatives of the delta-distriubution
in 0, and therefore equals 0 on R™ \ 0.

(iii) The condition that N > n will suffice for convergence of the RBF
interpolants on regular grids hZ™ as h — 0, but will have to be strengthened
ton > N+k for convergence of the RBF schemes for solving parabolic PDEs
and PIDEs which are of order & (in the space variables).

The usual examples of radial basis functions, such as the generalised multi-
quadrics, cubic and higher order splines, thin plate splines, inverse multi-
quadrics and Gaussians, are Buhmann class.

One can show that if p € B, y(R") N LZ,(R"), for some p € N, then
¢ conditionally positive definite of order p, where p is the smallest integer
such that 2p > max(|k] — n,p,0) (for this it would in fact be sufficient
that @|gn\o is locally integrable, satisfies (3) with a = 0 and is integrable
on {|n| > 1}). One can therefore, by standard RBF theory, interpolate an
arbitrary function on a finite set X of points by a linear combination of
translates of ¢ plus a polynomials of degree p — 1, provided X is unisolvent
for such polynomials: see for example [4]. This in general involves solving a
linear system of equations. The next theorem establishes the existence and
main properties of a Lagrange function in terms of which the solution of the
interpolation problem on Z" can be simply expressed.

Theorem 2.3. Suppose that ¢ € B, n(R") with & > 0 and N > n. Then
there exist coefficients ¢y, k € Z", such that

(6) Li(z) i= Li(p)(z) = ) cxp(x — k)

kezr

is a well-defined Lagrange function for interpolation on Z™" :
Ly(j) = doj, j €Z".

The function Ly satisfies the bound

(7) [Li(z)| < C(A+ =)™, zeRY,

and its Fourier transform is given by

= @(n)
(8) Li(n) = S B0+ 2mk)”

Moreover, at the points of 2nZ", L satisfies the Fix-Strang conditions:
(9) Li(2rk + 1) = S5 + O(|n]"), 1 — 0.
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See Appendix A for the proof.

Remarks 2.4. (i) We will write L; () if we want to stress the dependence
on the basis function ¢, otherwise we will simply write L. The subindex 1 in
L1 is a notational reminder that L; is a Lagrange function for interpolation
on the standard grid Z" with width 1. For stationary RBF' interpolation
on the scaled grids hZ"™ one uses the scaled basis functions ¢(z/h), whose
associated Lagrange functions then simply are Lj(xz) := Li(x/h). If f €
L, (R™) for some p < &, then sp[f](z) == >, f(hj)Li(h~ 'z — j) is an
infinite linear combination of translates of ¢ which will interpolate f on
hZ™, where the series converges absolutely in view of the growth restriction
on f.

(ii) One important point of the theorem is that the basis function ¢ need
not decay at infinity, but is allowed to grow polynomially. A high order of
growth will in fact lead to a high order convergence of the stationary RBF
interpolants as h — 0, since this will translate into a strong singularity of
the Fourier transform in 0, and therefore a large x, meaning that the Fix -
Strang conditions will be satisfied to a high order. The latter then implies
a convergence rate of O(h”) in sup-norm, as shown by Buhmann (under
suitable conditions on f), see for example [4], Chapter 4, and as we will
show below for the Wiener norm with an entirely different approach: see
theorems 3.2, 3.4 and 3.9. Note that, contrary to ¢, the Lagrange function
Ly will decay at infinity, as shown by (7), and this the more rapidly the
higher x is. It is possible for L;(z) to have faster decay: Buhmann [3] shows
that if @(n) ~ |n|™" as n — 0 with x € 2N, then

Li(z) <CO+|))™ "7,

while there are examples of ¢ for which L;(x) decays exponentially: see [4]
for details and references.

(iii) The proof of theorem 2.3 shows that the coefficients c¢_j are precisely
the Fourier coefficients of (3, &(n-+2mk)~!. They satisfy bounds analogous
to the ones satisfied by Li: |cx| = O(|k|7""). This guarantees that the
defining series for L (z) converges absolutely, including for when k£ = 0, in
view of condition (i) of definition 2.1.

By (7), the Fourier transform of L; exists in classical sense, as an abso-
lutely convergent integral. We also note that since the denominator of (8)
is 2m-periodic and bounded away from 0, El(n) will have the same decay as
©(n) as |n| — co. We state this as a lemma, for later reference:

Lemma 2.5. There exists a constant C = Cy, > 0 such that for all £ € 7Z\0,
(10) max [0~ Li(n + 270)] < Cle| 7N,

ne[—m,x]"
Proof. The function ), @(n + 27k) is periodic and, by the positivity and
ellipticity of ¢ at 0, bounded from below by ¢|n|~" for some ¢ > 0. Hence
= [p(n + 2r0) Y
|L1(n + 270)| = =—= < Cn|®|n + 2me| N,
>k (0 + 2mk)

which implies (10). O
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Another useful lemma clarifies the smoothness properties of Ly:

Lemma 2.6. There exist constants Cy, such that for each multi-index o with
ol <n+|k]+1 and all k # 0,

(11)

~ C

o (Ty(n+21k) — & )‘<7a wlal,
for m # 0 in a neighborhood of 0. In particular, if k > 0 then L, belongs to
the Hélder space ng_l’)‘(R”), with A =k — ([k] — 1).

Note that [k] — 1 = | k] if k is non-integer, but that it is equal to k — 1 if &
is a positive integer, so that A = 1 then.

Proof of lemma 2.6. This is elementary: if we let Qper(n) 1= >, @(n+ 27k),
then applying Leibnitz’s rule to the product LiPper = @ yields that

aT \~ o~ « = a—B~
(8,] Ll)(pper = 877(‘0 — Z ( 5 ) 85[41 677 ﬁgpper.

B<a

The estimate (11) for k& # 0 now follows by induction on «, using that
O Pper(n + 27k) = OF Pper(n) = O(|n|=#1), together with (5) of definition
2.1 and lemma 2.5 (to start the induction). If k¥ = 0, we use the same

argument, starting from
{5 (Ll - 1) = @_ S/O\pera

on observing that the right hand side is Cl#1+7+1 near 0, since equal to
> kz0 P+ 2mk). Finally, the fact that Ly(n+ 27k) — doi is O(|n|* implies
that all derivatives of order up to |k|,if K ¢ N, or k — 1, if K € N'\ 0, exist
and are 0. Their continuity in 0 follows from (11). O

Remark 2.7. We pause to briefly examine the differentiability of L, if
t € N. Letting g(n) := >_;.o @(n+27k) and (n) := |n|"@(n), we have that

S~ p(n)
Laln) = 5o+ gty

This shows that El cannot be C* in 0 if k € N is not even, even if ¥ would
be (note that then 1 (0) # 0 given that ¢ is Buhmann class). If k € 2N,

then L; will be as smooth as ¥ (n) is in 0 (and as @ is away from 0).

Finally, we observe that to construct numerical PDE schemes using RBF
interpolation one will obviously need sufficient differentiability of Li. The
proof of theorem 2.3 given in appendix A also yields existence and decay of
derivatives of L1, provided N is chosen sufficiently large:

Theorem 2.8. Suppose that k € N and let p € B, y(R™) with N > n + k.
Then L1 € CK(R™). Moreover, |0%L1(x)| = O(|z|™"™) as |z| — oo, for all
la] < k.
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3. Convergence of RBF-interpolants

As stated in the introduction, we will limit ourselves to stationary inter-
polation on regular grids hZ™, meaning that we let the basis function scale
with the grid-size: ¢p(x) := p(x/h). The associated Lagrange function scales
similarly, and the RBF interpolant s[f] of a given function f : R” — R can
be conveniently written as

(12) sulf)(2) = D2 )L (3~ 5)

where L; is the Lagrange function of theorem 2.3. Here, and below, sums
over j, k, £, etc. are understood to be over Z™. Note that the use of the
Lagrange function eliminates the need for inverting the coefficient matrix
(pn(hj — hk))jr = (¢(j — k));k in the standard formulation of RBF in-
terpolation’. The decay at infinity of L easily implies that the series (12)
converges absolutely if f € L2,(R") for some p < x: we will express this by
saying that f is of polynomial growth of order strictly less than k.

Throughout this section, we fix a basis function ¢ = ¢; € B, ny(R")
with k > 0 and N > n. We will systematically work in Fourier-space, and
examine convergence in Wiener norm,

1f]la == [ fl],

except for the end of this section where we will also briefly examine weigthed
sup-norms. Convergence in Wiener norm of course trivially implies conver-
gence in Chebyshev or uniform norm, since ||f||c < ||f]]4-

We begin by computing the Fourier transform of s,[f] for Schwarz-class
functions f. For sufficiently rapidly decaying functions g, let us define the
function ¥ (g)

(13) Zn(9)(€) = <Z g€+ 27Th1/<3)> Ly (hg).
k
The map > will play an important role in what follows. We note for later

use that Y, is a contraction with respect to the L'-norm: indeed, by the
positivity of L; and monotone convergence,

Ihloll < 3 [ loté -+ 2eh )| Ea(he) de
k

= / 19(9)] (Z Ly (hé + 2wk>) d¢
R k

= llgllr,

IA

since ), Li(n + 27k) = 1; ¥}, therefore extends to a contraction on L!(R).
We also note that if g € L!(R), then the defining series for ¥, (g) converges

"n the present, idealized, set-up of interpolation on hZ" that coefficient matrix is
infinite; in practice, one would have to truncate the matrix: |j|,|k|] < N (where, |j| =
|7l = max, |j,|) with N ~ h™', taking larger and larger sections of the matrix as h — 0.
One would also have to truncate the series for L1, leading to quasi-interpolation.
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absolutely a.e., since

2nk)|dE = d .
. Zlote+2mias = [ lotelde < oc

Lemma 3.1. If f € S(R") then the Fourier transform of sp[f], is given by
the L'-function

(14) AGIGES <Z fle+ 27rh1/<>)> Li(he).
k

Proof. Since k > 0, L; is integrable by theorem 2.3 and hence s,[f] €
LY(R™), since ||sp[f]]]1 < (h" > ]f(h])\) ||L1]|1. Applying Fubini’s theorem
to the function (j,x) — f(hj)Li(h~ 'z — j)e~ @& on Z™ x R™ one finds

—

sulf1(€) = Z f(jh)e_ih(juf) h”fl(hg)
J
= (Z Fle+ 27rh1k:)> L1 (h),
k
(15) = =D,
where for the second line we used the Poisson summation formula: Zj g(3) =
> or9(27k), with g(x) := f(ha)e= M=), .

If kK = 0, theorem 2.3 no longer guarantees that L; and therefore sp|[f] is
integrable (though it may be under stronger conditions on ¢, as per Buh-
mann’s result for integer pair x) but its Fourier transform will still exist

as a tempered distribution, and will still be given by X,(f), as an easy
approximation argument will show.

We can now state our first convergence theorem.

Theorem 3.2. Let k > 0. Then there exists a constant C' = C(¢) > 0 such

that for all tempered functions f for which fe LL(R™) and for all positive
h <1,

(16) 1= sulfllla < cn [ IR de

Note that the integrability condition on fat infinity implies a certain smooth-
ness: f must have continuous and bounded derivatives of order |k].

Proof. The hypothesis on fimplies that f is a bounded continuous function.
It follows that sp[f] is well-defined, by (7), and that there exists a constant
C > 0 such that for all h <1,

(17) I snlf] oo < Cllflloc-

Indeed, [sp[f](z)| < || fllo 22, |L1(h~tz—7)|; the right had side is h-periodic,
and its sup on {|z| < h/2} can be estimated by a constant times ), [L1(j)|,
which converges since x > 0.
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The Fourier transform of s;[f] therefore exists as a temperered distri-

bution. We show using a density argument that m = Eh(f): since
f € L*(R™), then there exists a sequence f, € S(R™) such that ||, — f||; —
0. Consequently Eh(ﬁ) — Yu(f) in L' and therefore also as tempered
distributions. On the other hand, ||sp[fu] — su[flllec < ClIf — fulloo <
CHf qu1 — 0, so sh[fl,] — splf] as tempered distributions also. Hence
Zh(fy) = sh[fl,] — sh[f], and consequently sh[f] = Eh(f) Note that, as a
consequence, sp[f] is in A(R™) if f is.
We now observe that since 0 < El <1,

S~ flh < [ 1RO (0= athe)) + 3 Eathe + 2mk) | de
k£0

(18) — 2 [ a-L) o)z,

where we used again that the sum of translates of Ly by elements of 277Z"
is equal to 1. Now since ¢ € B, ny(R"), formula (8) together with (iii) of
definition 2.1 implies that there exists a constant C' = C'(¢) > 0 such that
0 < 1-Li(n) < Cln|* on R™, by the Fix-Strang condition in 0. Hence
1 — Ly (h€) < Ch®|¢|%, which implies (16). O

Remarks 3.3. (i) The theorem remains true if k = 0, if one adds the condi-
tion that f € L2°(R™) for some ¢ > 0, to ensure convergence of the defining
series for s;[f]. As we already noted, it may happen that the Lagrange func-
tion decays more rapidly than (1 4 |z|)™™ at infinity. An easy example is
when ¢ is a function in S(R™), such as a Gaussian, in which case L; will
also be in in S(R™), by (8). In such cases, no further restriction on f will
be necessary.

Moreover, even if the decay of L1 cannot be improved, one can still show
that if f is integrable, then the defining series for s[f] is summable in the
sense that if for a y € S(R”) with x(0) = 1 we let

erjh (hj)La(h~ e — j),

then as e — 0, s7[f] converges uniformly on R" to a continuous function
whose Fourier transform is Zh(f), independently of the choice of x. To show
this, observe that the Fourier transform of the left hand side is equal to
(2m) "R (Xe * f), where Y. (&) = e7"X(—¢£). Since, by a classical theorem
on convolution with approximate identities,
2m)"Xex f — f

in L' (observing that (2m)™" [, X(—§)d¢ = x(0) = 1), and since ¥ is a
contraction, it follows that s7[f] converges in Wiener norm, and therefore
in sup-norm, to the inverse Fourier transform of the, integrable, function
Sn(f). If we now define sp[f] as the limit of the s3[f], the estimate (16)

follows as before. We in fact only need the Fourier transform of x to be
integrable, but this excludes taking for y the characteristic function of a
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cube centered at 0, which would entail ordinary convergence of the series for
snlf)(@).

The reader may of course wonder why one would want to consider the case
of k = 0 at all, since the theorem then doesn’t show that s[f] converges to f
and, as we will see in section 4, this is not true in general. The reason is that
we can still have approximate approximation, in the sense that the error can
be made arbitrarily small with an appropriate choice of basis function: see
section 4.

(ii) The theorem generalizes to the case when f = v is a finite Borel measure
for which |¢|® € LY(R",d|v|): in that case,

(19) 15 = sl < O [ el o)

To show this, one first defines X (v) by duality: if ¢ € S(R™), then
<Zh(y)7¢> = <V7 2/(¢>>7

where X (1) = >, ¥(§ + 2nh k) L1 (h¢ 4 2mk) € Cy(R™, and one checks

that s;,[f] = 35(v) as tempered distributions. Since ||X}, (¥)]]o0 < C|[||o0,

on account of the decay of L1, X5 (v) is a finite Borel measue. Using again

-~

that the sum of the translates of L; by elements of (27)Z" is 1, one then
estimates

(Sh() — v )] = | (0, S () — )] < 21l / (1 - Ly(he))dlv ().

R"

where we can take ¢ € C,(R"™). It follows that the variation norm of X (v)—v
is bounded by C'h*, which implies (19).

We next observe that the right hand side of (16) still makes sense for cer-

tain fhaving a non-integrable singularity at 0. Allowing such singularities
means allowing f’s which grow at a certain polynomial rate, and we can for
such f prove the following approximation theorem.

Theorem 3.4. Let f be a tempered function on R™ such that |f(x)] <
C(1+ |z|)P for some p < k, and such that

(20) Flrmo € LY(R™\ 0, €[~ d€).

Then s/m — fisin LY(R™), and

(21) salf] — Flla < Ch* / Fo)lelrde.
Rn

Proof. Equation (20) means that, away from 0, the tempered distribution
f can be identified with a locally integrable function which is integrable
with respect to the weight |£|®. We first check that sp[f] is a tempered
distribution: this is a consequence of the estimate

(22) I snlf1lloo,~p < CI| floo,—ps 2 =0

To prove this, note that f — s;,[f] commutes with translations by elements
of hZ™: if k € 7", then

sulfl(x — kh) = sp[f(- — hk)](z).
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Let |- [ = [ be the £*-norm on R". If [z| < h/2 and f € L>,(R") with
p < K, then

(L+hljhP

[snlA1(@)] < [1f]]c,— 1+Z il I A

li]>1
since |h~tx — j| > |4|/2 if || > 1. Next, if |x — hk| < h/2 with k € Z", then
[salf](2)] < ClIf (- = hk)lloo,—p < C(L+ hIE])P] f[oo,~p:

which implies (22). The next lemma identifies the Fourier transform if s;,[f].

Lemma 3.5. Suppose that |f(x)| < C(1 + |z|)P for some p < k and that

ﬂR\O € LY(R™\ 0,min(|¢|%, 1)d€). Then the tempered distribution m —f
can be identified with the function

23)  (Lire) = 1) J©) + Y Fle +2mh W) Li(h), €40,

k40
which is in L*(R™).

The proof of the lemma involves extending fto a continuous linear func-
tional on the Holder spaces C’gd_l’A(R") with A\ = k — ([k] — 1) (so that
A=k —|k] if kK ¢ N, and A = 1 otherwise), and using this to define Eh(f)
as a tempered distribution. In order not to interrupt the flow of the ar-
gument with distribution-theoretical technicalities, we postpone the proof
to Appendix B. Note that the individual terms of (23) are integrable on
account of the Fix-Strang conditions satisfied by El, and that the L'-norm
of (23) can be bounded by the L'-norm of 2(L1(h¢) — 1)|f(€)|, using once
more that the sum of translates of Li by elements of (2m)Z"™ is identically
equal to one.

The lemma implies the estimate (18), and the theorem follows as before.

O

Example 3.6. If the function f on R” satisfies
(24) 05 f(@)] < Call+ [P, Ja| < |p] +n+1,

with p > 0 then one can show that ﬂRn\O € C(R™\ 0), and that |f(§)| <
C|¢|7P~™ near 0 while f(¢) = O(|¢]~lP)=7=1) at infinity: if (24) holds for
all a, this follows for example from Stein [13], proposition 1 of Chapter VI.
Examination of the proof shows that we only need the number of derivatives
indicated. It follows that |£]|”f(£) is integrable if p < x and theorem 3.4
therefore applies to such functions.

Remark 3.7. If x ¢ N then theorem 3.4 remains true if ﬂRn\O can be

identified with a Borel measure v on R \ 0 for which [£|* € LY(R™, d|v]).
The estimate (21) then generalises to an estimate for the variation norm of

S(f ) —f (as measure on R™) which then implies a uniform estimate

(25) ) = Fllw < O [ feI"dlol(6).
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If one is satisfied with a slower rate of convergence, the growth condition
at infinity on f can be weakened accordingly:

Corollary 3.8. Let k < k and suppose that f is a tempered function with
grows at a polynomial rate strictly less than k, such that for all h <1,

Flemo € LY R™, (€] A [€]7)de).
Then

— ~

)=l < [ 1T et 1l de

Proof. The hypotheses on f cetainly imply that ﬂRn € L' (R™, min(|¢|~, 1)d€),
so we can apply lemma 3.5. In particular, the estimate (18) still holds. We
now split this integral into three parts over the ranges h|¢| < h, h < h[¢] < 1
qnd h|¢| > 1, and use the Fix - Strang condition in 0,

[ (1= Luwe)) 7o)l ae

¢ RIED®IF ()] d RIEN®IF ()] d Fo)ld

< </|h§|Sh( 1ED"1£ ()] £+/h<h5§( D" £(&)] £+/|h£|>1 7€) g)
cin” G K1F()|de + hF 2o 1l d

< ( /|£§1 €171 £(€)] d€ + /1§|§|§h1 €71 (€)] d€ + /§|2h1 7o)€l 5)

<

crt [ \F@l1er nleras.

where we used the trivial bound |5|® < |n|* if |n| < 1, but only for the second
integral. (]

The corollary shows that there is an interplay between the order of con-
vergence of the RBF interpolator and the smoothness of the function which

is interpolated, as quantified by the decay of f(£) at infinity. The singular-

ity of f(£) at 0 can be of order ||~ as before, allowing a polynomial
growth of f(z) of order less than k.

Although our focus in this paper is on convergence in the Wiener norm,
we want to note that we can allow more general more general distributional
f which are not necessarily functions or measures on R \ 0 if we replace
the Wiener norm with weighted sup-norms. We give an example which can

be deduced from theorem 3.2 by an approximation argument. Recall that
[ lloo,~p = supgn (1 + [z[) 7P| f(2)].

Theorem 3.9. Let p € N, p < k and let f be a tempered function on R"™
whose Fourier transform can be written as

(26) f=72 0va,

|| <p

with v, complexr Borel measures on R™ satisfying

1) [ rdivaln) < o
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Then

(28) [sulf] = flloo,—p < Cfh",
where we can take

(29) Cr = C- SN+ 1) 1oy

lo|<p
for some positive constant C' independent of f.

Proof. The hypothesis on ]?imply that f is continuous and of polynomial
growth of order at most p: ||f|loco,—p < 00. Let xr(z) := x(x/R), where
xX=x1€C*R"),0<x<1, x(z) =1o0n B(0,1). We will apply theorem
3.2 to xrf and for that purpose first bound HX/R\JCHI,/@-

Lemma 3.10. For f as in theorem 3.9 and R > 1,
(30) IXrfll1Le < CrRP,
with Cy as in (29).

Proof. Since f/X\R = (27r)*"f* X = 2m) ™Y, (~D)lely, % 8?)@, we find
that (writing ¥(® for 6‘1)?)

@ lxaflle < 3 RUHe / / — )1+ [€]) dlval (n)de
la|<p "R

= > R" RO+ |n+ B¢ dlval (n)dC
la|<p /n/n

The lemma follows by observing that (1+|n+R~1¢|) < (1+|n))(1+R71¢]) <
(14 |n))(1 +|¢|) and using the rapid decay of X.
U

Proof of theorem 3.9 (continued). By theorem 3.2,

lsnlfxr] — fXR|lco < CyRPR".
We next compare sp[f] with sp[xrf]: since xg(z) =1 for |z| < R,

[snlf1(@) = suxr) @) = Y 1(f(h) = xr(hi) f(hi) Li(h™ e = )]

hlj|=R
2 ) |f ()L e = )]
hlj|>R
Now if |z| < R/2, then |hj| > R implies that |x — hj| > |hj|/2 so that
|h=tx — j| > |j|/2. Hence, by the decay at infinity of L1,
sup D |f() LihT e —5) < [[flloe—ph? D LT
|l2|<R/2p ;>R hlj|>R
< Ollflloo,—p h"RP™F,

IN

since we can for example bound the sum by a constant times f‘y|> R/h ly[P~F"dy
(recall that p < k).
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Writing sp(f] — f = sulf] — sulxrfl + sulxrfl — xrf + xrf — f, these
estimates imply that

R7P sup |sy[f](x) — f(z)| < Cph",
le|<R/2

for R > 1, which implies the theorem. 0.

Examples of functions f which satisify the hypothesis of theorem 3.9 are
the inverse Fourier transforms of compactly supported distributions of order
p < K since, by a structure theorem going back to Laurent Schwartz, such a
compactly supported distribution can be written in the form (26)).

4. Approximate approximation

It is easy to show that the approximation error in the Wiener norm cannot
go to 0 faster than A*: if f € L'(R") has compact support, then the supports

o~

of f(-+2nk/h) will be disjoint if h is sufficiently small. It follows that

lsnlfl=Fl = [ IFOEne) ~1lds+ Y [ 1Fe+2mk/m| Ta(h)ae
k40
= [ IF©I0 - Taheds + > [ IR Bathg + 2mwyde

= 2 [ 1f©I(1- L) e

since ), Ly(n+ 2nk) = 1. If we define

1= Li(n)
31 [, =1 =21 f———.
(31) L = Lelp) = 2liminf — 0
then Fatou’s lemma implies that
(32) lmint b snl) ~ flla =1, [ I€FIF€)1 e,
—0 Rn

We will see below that [,, > 0. The inequality (32) remains valid if 7 is not
compactly supported but decays sufficiently fast at infinity: see theorem 4.3
below. Here we first examine the corresponding upper bound.

As we just noted, one cannot in general do better that O(h*) for the

o~

approximation error. However, for suitable basis functions ¢ and for f(&)
which decay sufficiently fast at infinity we may observe a higher apparent rate
of convergence for h’s which are small but not too small. If ¢ € B, n(R"),
we let?

5 1—Li(n)

(33) li == ls(p)) := 2lim sup -
m—o |7l

2The index & is a reminder of the degree of the singularity of @ at 0, and therefore of
the natural convergence rate of the RBF interpolants.
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A slight modification of the proof of theorems 3.2 and 3.4 then gives the
following more precise estimate for the approximation error. It is convenient
to introduce the homogeneous version of the space L (R"):

34) L) = {g: R - Coneas. sl = [ lo(@)leode < o0}

With this notation, the hypothesis on J/“\in theorem 3.4 can be stated more
[¢]
briefly as flgmo € L'x(R") (interpreting f|gm\o as an a.e. defined function

on R™). Note that if s > 0, then L!(R") = L';(R") N LY(R").

Theorem 4.1. Let ¢ € B, n(R") with K > 0 and N > n and let s > K,

and suppose that fe LL(R™). Then there exists for each ¢ > 0, a constant
C. such that

(35) Isnlf] = flla < (Le(@) + )R"IFI1 x + CR7IFIIS -
More generally, this inequality holds if f € L>,(R") for some p < K such

that ﬂRn\O € L' (R") N LY (R™) = LYR™, max (|¢|%, [£]*)) for some s > k.

The theorem implies that if I,.(¢) is very small, and f € LY(R") with s > &
then the rate of convergence for small, but not too small h’s will at first
appear to be h® < h", up to the point that the first term dominates and the
error saturates at a level comparable to [.()h". This is the phenomenon
of approximate approximation which was discovered by Maz’ya [9] in the
context of quasi-interpolation: see also Maz’ya and Schmidt [11]. The quasi-
interpolants these authors consider are, in our notation, >, f(jh)pn(z —jh)
with ¢(x) of the form ¢(x/c), where ¢ is a shape parameter: see also below.
Such quasi-interpolants will not converge to f(z), but it is shown in [11] that
if ¢ is smooth, satisfies certain moment conditions and decays sufficiently
rapidly at infinity, and if f has bounded derivatives up till order L, then by
choosing c sufficiently large one can achieve an apparent order of convergence
of h¥ up to a small saturation error which goes to 0 as ¢ tends to infinity.
This should be compared with theorem 4.1 if x = 0, in which case there
will also be no actual convergence and where the required smoothness of
f is formulated in terms of its Fourier transform. Of course, this theorem
concerns the exact interpolants instead of the quasi-interpolants. We will
encounter similar approximate approximation phenomena when studying
convergence rates of RBF schemes in sections 5 and 6 below.

Proof of theorem 4.1. 1t suffices to bound [[(1 — Ly (hE) F(E)|]1. Let 1 :=
l(¢). Then if € > 0, there exists a p(e) > 0 such that if h|{| < p(e), then
0<1—Ly(h€) < 5(I+e)h"[¢]%, and

11 = L1(h€)) F(©)1
/ (1 - La(he)| 7€) de +2 / Fo))de
|hE|<p(e)

|hE|>p(e)

IN

1 - ~ ~
—(l+¢e)h" " dé +2 —°h® S dE,
strams [ i@l ot [ ifeeras

IN
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which implies the theorem for both of the cases considered. O

Corollary 4.2. Iff satisfies the conditions of theorem 4.1, then
(66 tmswph )~ flla <Lle) [ FEIdE
h—0 Rn
The next theorem complements this upper bound by the lower bound (32)
when f is not necessarily compactly supported.

Theorem 4.3. Let f satisfy the hypothesis of theorem 4.1. Then

L) [ IRl < timinth s (f] - flL
< timsuph~llsulf) = flla < o) [ IR

h—0

Proof. We only need to establish the lower bound. If |£|, = max; |¢;| is the
¢>®-norm on R", let @, = {£ € R" : |{|oc < w/h} = [—7/h,7/h]", the cube
centered at 0 Wlth sides 27 /h, and let Qp,(¢) = h™1¢ + Qp,. Then

Islfl - Al = Z/Q

:Z/

~

L1 (hé) — 50,k) (€ +2nk/h)| d

~

L1 (he + 20) — 50,k) (€ +2n(k + 0)/h)| d

so that
Il =Tl = 3 [ | (Bathe+200) —60) )
(37) —Z/ > ‘ L1 (h& + 270) — b, k)) 17 (& + 27 (k + €)/h)|de.
Qn £t

The double sum in the second line can be bounded by

X

¢ k£—0,0

+z/

10

C .
S d
= (; L+ e~ +2) /|§|ooZ7T/h 7€) at
che | FE)leld
< on [ Feler e,

where we used that

(he + 270) F (€ + 2 (k + E)/h)’ de

(hé + 270) — 1) 7€+ 2m(k +0) /h)) de

C
sup Ly h€ + 27l)| = sup L n+2ml) < ————
Qn il )= neQ ( )= (L+ )N

The first line of (37), on account of L; taking values in [0, 1], equals

/ (<1il<hs>+zil<hs+2w£>) |F(&)ldg =2 / (1-L1(h))| fl1q, dé,
Qn 0 R
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where 1¢, is the indicator function of @. The lower bound now follows

once more by Fatou’s lemma and the definition of [, (¢). O
The next proposition gives a simple explicit formula for [,, and I,

Proposition 4.4. For ¢ € B, ny(R") with K > 0 and N > n, let A =
A(p) := liminf, 0 [n["P(n) and A := A(p) := limsup,_,, [7]"(n).

Then if k > 0,
(38) % > @2k, L Z (2mk),
= k£0 k;«éO
while if kK =0,
(39) To() = QZk;ﬁo @(Eﬂk) L Ly(e) = 72 Zk;ﬁo cﬁ(fﬂk) .
A+ 0 P(27k) A+ 0 P(2mk)

Note that A(¢) > 0, and that the series in these formulas converges abso-
lutely.

Proof. If L1 = Li(¢p) is the Lagrange function associated to ¢, then
D kpo P(n + 27k)
>k P+ 2mk)

If we let g(n) := >y 0 #(n + 2mk), then g is continuous (even Clrl+ntly ip
a neighborhood of 0. Since

0<1—Li(n) =

L—La(n) _ 9(n)
n|~ Inl=&(n) + nl~g(n)’
(38) and (39) follow upon letting n — 0. O

Corollary 4.5. If lim, o |n|™"@(n) exists, then [,.(¢) = l.(¢) = l:(p), and
(40) tim K= f] ~ £l = (o)
—0

for [ as in theorem 4.1 with s > k.

We can often construct basis functions with small /() by introducing a so-
called shape-parameter ¢ and taking ¢ of the form ¢p(z) = ¢(z/c) := ¢.(x)
with c large, for suitable ¢ € B, y(R"):

Proposition 4.6. Suppose that ¢ € B, n(R") with k > 0 and N >
max(r,n). Then limq_ o0 lx(de) = 0.

Proof. Since ac(n) = c”q?(cn), it follows that A(¢.) = " "A(¢), and there-
fore, by (38), if k > 0,

lo(de) = Z¢ (2mek) < C "N kTN

k;éo k0
which tends to 0 as ¢ — oo under the stated conditions on s. The case of
x = 0 ifollows by observing that

lo(¢e) < ( o Z@ (2mk),

k#0
and proceeding as before. ([
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Examples of basis functions ¢ which satisfy the conditions of the corollary
are the (generalized) multiquadrics, whose Fourier transforms decay expo-
nentially at infinity, but none of the homogeneous basis functions, since for
these Kk = N: see exampleAs 5.13 below for a more extended discussion. In
fact, for a multiquadric, ¢(§) decays expontially at infinity, and I, (c) will
decay exponentially in c.

5. Convergence of stationary RBF schemes for PDE: the case of
the heat equation

5.1. An RBF scheme for the heat equation. We introduce an RBF
scheme for the Cauchy problem for the classical heat equation,

(41) { Ou(z,t) = Au(x,t), x € R",t >0

u(z,0) = f(x),

A = Z?:l 032% being the Laplace operator, and examine its convergence.
The scheme is a variant of the classical method of lines, and looks for ap-
proximate solutions uy, of the form

(42) un(e,t) = Y cx(t; W) Li(h ™o — k),
kezn

where the cx(;h) : [0,00) — R are differentiable functions. Here, L is
the Lagrange interpolation function of theorem 2.3, associated to a given
basis function ¢ € B, ny(R™) with N > n + 2 which we fix in this section.
The coefficients cg(t; h) of uy are determined by requiring that uy, solve (41)
exactly in the points of hZ™:

8tuh(hj, t) = Auh(jh,t), Vj S Zn,

while up(x,0) is taken to be equal to sp[f](x), the RBF interpolant of f.
This leads to the following initial value problem for the coefficients c¢;(t; h):

dcj
(43) dt
cj(0;h) = f(jh)

Since this is an infinite system of ODEs we first discuss existence and unique-
ness of solutions in suitable function spaces.

(th) =h™>  ALi(j — k)er(t: h)
k

For s € R, let

050 = L7(2") = {(cj)jezn : |lelloo,s = sup(1 + |4])*|ej] < oo}
j

It follows from theorem 2.8 that the convolution operator

A=Ay : (Cj)j — (Z AL (j — k)ck> )
k

J
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is a bounded operator on £, if 0 < p < k. Indeed,

(T+1D~ ZALl (- < D (@D + DAL = F)]) llelloo,—p
k
< (Z(l + 17 = kDPIALLG - k‘)l) [lelloo,~p»
k

using that (14 |k|) < (1+]j —k[)(1+]j|). The sum of the series on the right
is independent of j and finite if p < k, by theorem 2.8. The system (43),
which can be written as de/dt = h™2Ap(c(t)) and has a unique solution
which is given by c(t) = eh AL (¢(0)).

If for ¢ € £, we define (with some abuse of notation)

snld(x) = > ¢;Li(h™a — j),
JEZ™
then s, : ¢ — sp[c] is a bounded linear operator from ¢, — L% (R) if
0 < p < k. Indeed, using the decay of L1,

HSh{C]Hoofp 1+|j|)
—— = < sup (14 |z)7?
ey = D)™ 2 g
(1+ 5]
= sup (14 |hy|)7?
yER"( Ih41) Z (14 |y — g))=tn
< Sup<1+\y|)> Z 1+ |y —j)P '
~ yern \1+hlyl) S (L4 Jy =)

The sum on the right converges and defines a 1-periodic continuous function
on R™ which is therefore uniformly bounded, while the factor in front can
be estimated by max(1,h™").

If f € L>=,(R"), we can in particular take ¢(0) = f|pzn, and

(14) unl)(e1) = sn [ (Flize)| (2),

is the unique function (42) whose coefficients satisfy (43). We then the
following lemma:

Lemma 5.1. Ifp < k and f € L>,(R™) then there is a unique function uj, =
up[f] € C* ([ o0); L (R”)) satisfying (42) and (43) and f — up[f](-,t) is

a bounded linear map on L%, (R).

In particular, for each fixed ¢, up(z,t) has tempered growth in z, and thus
possesses a well-defined Fourier transform, which we will study next.

5.2. Convergence of the scheme in Wiener norm. We start by com-
puting the Fourier transform of u|[f]. Let us introduce the auxiliary function
G(n) on R™ by

(45) G(n) = Go(n) = Y In+2mkl’Li(n+ 27k)
k

Sop I+ 27k|?P(n + 27k)
>opP(n +21k)
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where the series converges, by theorem 2.8.

Lemma 5.2. Let ¢ € B, n(R) with N > n+p and & > 0. If f € LY(R"),
then

(46) n(€) = e MO TF)(€).

Proof. Let us first assume that f € S(R™) is a rapidly decreasing function.
Then f|pzn € ﬂszo £3° and it follows from the proof of lemma 5.1 that
(cj(t;h))j € Nyso " The Fourier transform of wy, is given by up(§,t) =
hnil (hf) Th (55 t)? where

7h(§7 t) = Z Cj (t’ h)e_ih(jvf),

JET

the sum being absolutely convergent, and (43) implies that

(&) = b2 [ DAL I(j)e MO | (6, 1)
J

= hp2 (Z ﬁ1 (hé + 271']{2)) (&, 1)
k

= —h_2G(h£)'7h(§’ t),

where the second line follows from the Poisson summation formula, whose
application is justified by the decay at infinity of AL; and its Fourier trans-
form. Hence 7y, satisfies the same ODE, 0,7ip,(€,t) = —h2G(h&)un(&,t)
which, together with the initial condition, uy(x,0) = sp[f](x) implies (68).
If f € LY(R"), (68) follows by a standard approximation argument: if
fy — fin L' with f, rapidly deceasing, then f — f, in L, so by lemma 5.1,
up[fu](-,t) = up[f](-,t) in sup-norm also, since x > 0. Hence their Fourier
transforms converge in S’(R™). On the other hand, @] =(f,) = 2(f)
in L' and therefore e h*1ChON(f,)(£) — e CROS(F(£)) also, since G
is non-negative, and hence as tempered distributions. ([l

The following proposition lists some useful properties of G.

Proposition 5.3. Suppose that o1 € B, N with N >n+2 and let G := G,
be defined by (45). Then

(i) G is a positive 2m-periodic function, and G(n) =0 iff n € 2nZ"™.
(ii) If k > 2, then G(n) = |n|> + O(|n|®) in a neighborhood of n = 0.
(i1i) G belongs to the Holder space CZEH]_LA(R") with A =k — (k] — 1).

Proof. (i) The periodicity is obvious and the positivity of G is an immediate
consequence of the positivity of ¢ and therefore of L;. Next, G(n) = 0 iff
\7]+27Tk|2fl(n+27rk) = 0 for all k. Since Ly is non-zero outside of (2m)Z™\ 0,
this implies that n € (27)Z". Conversely, any such 7 is a zero, given that
E1(27Tk7) = 50k~
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To prove (ii), write

@7)  G) = 0l = InlP(La(n) = 1) + D |n+ 27k*La(n + 2k).
k40
The first term on the right is O(|n|**2) by the Fix-Strang condition in 0 (cf.

theorem 2.3), while the second can be estimated by C|n|*, where we used
(10) and N > n + 2. Finally, (iii) follows from lemma 2.6. O

Property (iii) allows us to extend lemma 5.2 to functions of polynomial
growth: compare lemma 3.5.

Lemma 5.4. Suppose that f € L=, (R") for some p < k such that ﬂ]Rn\o €
LY (R (|¢|" A1)dE) . Then the identity (68) holds in the sense of distribu-

tions. Moreover, up[f] — U can be identified with the function

(48) 7 MCUO (5,17](6) = J&)) + (eI 1) P Fe),

which is integrable on R™.

Here, and below, f without argument will indicate the distribution, and

~

f(&) the function with which it can be identified on R™ \ 0.

Proof. We just clarify the statement of the lemma, and refer to Appendix
B for the detailed proof, which uses elements of the proof of lemma 3.5.
The proof of that lemma shows that m = Zh(f) extends to a continuous
linear functional on C'b['ﬂ_l’)‘(R”). Since (i) and (iii) of proposition 5.3 imply
that the function e~ *t¢(h) ig in C’b('ﬂfl”\(]R”)7 its product with Zh(f) is

well-defined as an element of the dual of Cb['ﬂ_l”\(R”). O

We can now show convergence in Wiener norm of the uy to the solution
of the Cauchy problem (41). It is convenient to introduce the weighted
L'-spaces L*(R") ., with norm

(49) lolls = [ 19O (€ A€
These spaces decrease with k for k < k; in particular, L (R") = L} (R") C
L o (R™) if k < k.
Theorem 5.5. Let ¢ € B, y(R") with N > n+2 and k > 2 and suppose
that f € L=,(R") for some p < k such that

flrm\o € Li—Q,n(Rn)

Let up, = up[f] and let u be the solution to the Cauchy problem (41) with
initial value f. Then there exists a constant C' = C, independent of h and

f such that
(50) un(-t) —u( )[4 < CL+ ) || Flle_on b2,

for 0 < h <1, say. In particular, up converges to u in sup-norm at a rate
of h" 2.
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Proof. Note that the conditions on f are weaker than those of theorems 3.2
and 3.4. Indeed, we will be applying corollary 3.8 with k = k — 2. By lemma
5.4, we can estimate ||up(&,t) — u(&,t)||1 by

I I L

By the positivity of G, the first term can be bounded by || sh[ |- F ||1 which
can be estimated using corollary 3.8. To bound the second term, we write

‘e—h*tG(he) _ ot = el | gmhT2uG(he) ) 1’7

and use the the inequality |e* — 1| < |z|e™2*(Re2.0) together with proposition
5.3(ii) to bound this by
Cthli72|§‘fﬁ?e*t|£‘2+chﬁ_2t|£‘n < Cthn72‘§|n(27%t|£|2,

if |h¢| < r with 7 sufficiently small: |¢|2 — Ch*=2|¢|" = h=2(|h&|? — hE|E|R) >
Th2ng? = J|¢? if hl¢| < (20)7Y (2 = r. We now split the second
integral of (51) into an integral over h|¢| < r and one over the complement.
Then

L

< Ch? / tlel* | F(€)|e21e” dg
|€|<rh—1

—h2tG(hg) _ —tlE?

RGIES

K—2 K| 7 2,— 1|22
e ( A I st /

1<|g|<r/h

€172 F(©)] df)

= O+ 1) R 2| fl|s—on-
Since the integral over |¢| > rh~! can be bounded by

J I e R el (R G
|g|>rh—1 glzrh~

< OB (| fllu-2n
if r/h > 1 or h <r, the theorem follows. O

Remarks 5.6. (i) If we strengthen the hypothesis on fto ﬂRn\O € L'y o(R"),

then the proof gives an error bound of Ch*~2|| f| > _5 with a constant C' which
is independent of ¢.

(ii) The estimate for the integral over |{| > r/h may seem quite rough,
but note that since h=2G(h€) is 27 /h-periodic and equal to 0 in points of
2rh~17Z", eh?G(hE) _ o—tlel® can get arbitrarily close to 1 on this set.

It is not difficult to verify that h*~2 is the exact order of approximation
if kK > 2, and that the scheme does not converge if k = 2. Let
Go(n) = Inl?|
= := lim inf ’ L4 .
(53) 9, = 9,(¢) = limipf ——

It will follow from proposition 5.11 below that 9.>0 if ¢ is Buhmann class.
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Theorem 5.7. Let f € L, (R") for some p < k such that ﬂRn\O € Lk’H(R”)
for some k € (k — 2,k]. Then if Kk > 2,

60 it ot) a0l = g, ¢ [ IOl de
h—0 =K Rn
while if kK = 2,

. . - 2 - N
(55)  liminf |lu, — ulla > /R (1 e e g e,

Proof. Since ||;m - f||1 < C¢h*, the first line of the proof of theorem 5.5
together with Fatou’s lemma implies that

h—0 h—0

Let R(n);= G(n) — |n|?. By the mean value theorem,
e—h %G (hE) _ —tlE* _ (e—h*QtR(hf) _ 1) et = R 2 R(hE)elhetetER,

for some Chey € R™ with |Cues| < h7%t|R(RE)|. Proposition 5.3(ii) then
implies that® if x > 2, then Che,t — 0 as h — 0, for any fixed £ € R". Since

liminf h™"R(hE) = g _|¢]7,
h—0 =k
(54) follows. If K = 2, then
o hT2R(hE) _ 1) e teE? > (1 _ efh*%\R(hsn) e

which implies (55), since liminf,_,o h"2R(h€) = g2]§\2. O

5.3. Approximate approximation properties of the scheme. As we
have just seen, our RBF scheme for the heat equation does not converge if
k = 2, which is for example the case when our basis function is the Hardy
multiquadric on R. It turns out that in such cases we can still achieve an
arbitrarily small absolute error by a judicious choice of the basis function
p, e.g. by introducing a shape parameter. This is again an approximate
approximation phenomenon of the type encountered in section 4, and which
if kK > 2 will take the form of a higher apparent rate of convergence, up till a
certain threshold hg, for uy for initial conditions f whose Fourier transform
decay sufficiently rapidly at infinity. We start with the case of k = 2, where
we have the following refinement of theorem 5.5. In all of this subsection,
we let ¢ be a function in By y(R") with N > n+2 and k > 2, and f a
function satisfying the conditions of lemma 5.4.

Theorem 5.8. Suppose that ¢ € Bo n(R™), N > n+ 2, is such that

G o 2
(56) G2 = ga(p) := limsup U(n)—gw}
n—0 |77|

Let 0 < k < 2. Then there exists for all v with gy < v < 1 a constant Cy > 0
such that

67) .0 a0l < (e ) [0 man(, gy de

R”

< 1.

3If h sufficiently small, then h|¢| < 1 and therefore |h~2R(hE)| < Ch*—2|¢|".

lim inf A5 F2|[ay, (-, t)—a(-, £)| |y > / nminfh—f@“‘e—h*t(;(h@—e—t\fP £ (&) dé.
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Taking v close to g,, we see that if g, < 1, then for small but not too
small h’s the second term on the right will dominate, and the scheme will
have an apparent convergence rate of k, which can be as big as 2, until
the error saturates at a level comparable to g, when h becomes too small -
compare with the discussion after theorem 4.1. Also, if we first let h — 0
and then v — g5, we see that

limsup |[up (-, t) — u(-, t)||a < e—ll?%/w | (&) max(1, ¢[F)de.

h—0

We will see below that g, can often be made arbitrarily small by introducing
a shape parameter in the basis funcion .

Proof. For a ~ as in the statement of the theorem there exists a p = p(v)
with ¢ > 0 such that

(58) max |G(n) — |n*| < ~[n|>.
Inl<p

Hence if |h€| < p, |h2G(hE) — [€]?] < v[€]? and
< (ems\? _ 1) e tler

(11— 2
~yt|¢[2e (1=l

o—h2HG(hE) _ el

IN

IN
o

Hence

/|£|§ph1

The integral over h|¢| > p can, as before, be bounded by C, || |§\kﬂ|1hk,

where C, = p(y)~*. Since ||sp[f] — flla < CHﬂ|oo,shk by corollary 3.8, the
theorem follows. O

O _ | |Fle)de < e 2|l
-7

The bound (57) is independent of ¢, but the hypotheses exclude polyno-
mially increasing f, whose Fourier transform will be singular in 0. For such
f we have the following more precise result, which is valid for any x > 2 and

which shows if f(&) decays sufficiently rapildly, it is possible to get a much
better apparent rate of convergence. Let

o . G(n) — nl?
(59) G = Falyp) = limsup 1S IE]
n—0 ul
Theorem 5.9. If kK > 2, then for all s > k and all € > 0 there exist a
constant C. which does not depend on t > 0, such that

[un(-, ) = u( B[l < (gﬁs)h“—?/ Ll |F(€)|e~ (=R ge

|€]<rh—1
(60) WﬁﬂW+QW%/¢mWMWW%W%
Rn

while if k = 2, the estimate holds on replacing the first term on the right by

[ IR (1 emte) e
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Proof. We adapt the proof of theorem 5.8. The first term of (51) is treated
using theorem 4.1. As for the second term, by choosing r = r(¢) sufficiently
small, we can bound the integral (52) by

G+ 0 [l FE e g,
€| <rh—1

while the integral over || > r/h can be estimated by r—*h™* f|£|>1 \f(ﬁ)\ |€|°dg

if h < r. The theorem follows. -

If f(¢) € L,IW(R") for some k € (k — 2,k], then the proof shows that

lun(-,t) —u(-,t)||4 can be bounded by the first term of (60) plus C.h*|| ||k x-
We then have the following corollary to theorems 5.7 and 5.9.

Corollary 5.10. Let > 2 and suppose that g, == lim,_o |G(n) — |n|?|/|n|*
exists, so that g =7, = g Let flgn\o € L,lm(R") for some k € (k — 2, K].
Then

it Jew |FE)] €] "4 e, K>2,
feo 176) (1 — ) P, =2
Compare with corollary 4.5. It follows from proposition 5.11 below that

gr exists iff limy,_,o [7|"@(n) exists. One can also give a direct proof of this
corollary using Lebesgue’s dominated convergence theorem.

hmh Huh( t)—u(-,t)||a =

Theorem 5.9 is only of interest if g, and [, respectively g, are small,
in which case it shows one might see a higher apparent rate of convergence
than the actual rate for small but not too small A’s if f(ﬁ ) decays sufficiently
rapidly. As in section 4, we can construct basis functions ¢ with small g, (¢)
by taking these of the form ¢(z) = ¢(c~'x) and letting ¢ — co. We start by
deriving explicit formulas for g, () and g _(¢). Recall the definition of A(y)

and A(yp) in proposition 4.4.

Proposition 5.11. We have

(61)  Gulp) = A( Zl%kl p(2rk), g (v TZ |27k |*P(2mk)
¥) %0 k#0
Proof.
Ykl 4 27k[P8(n + 27k)
G —[nf* = =& > 301+ 2nF) — |n|?
Yo (Am(n. k) + 4w |k[?) G(n + 2k)
B > @(n + 2mk)
_ 9(n)
@(n) + h(n)’

with g(n) 1= 340 (47 (1, k) + 472 [k[?) (1 + 27k) and h(n) = 374 .0 P(n+
27k) continuous (even smooth) functions in a neighborhood of 0 . It follows
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that
)2 A2\ E125(2
hmsup‘G(n) %] i sup 19| _ 900) _ Xy 4rkFo(2rk)
n—0 ‘77|K n—0 W”@ + !U!”‘h(n) A A
with A = A(p). The formula for g _(¢) follows similarly. O

Note that I,;(¢) < @x(p). Also note that g, > 0since A< ooandg, < oo
since A > 0, by the ellipticity condition on ¢ at 0.
If we take p(z) := ¢c(z) = ¢(x/c), with ¢ € B, n(R"), then @(n) =
c"¢(en), and A(¢e) = " "A(p). It follows that
Tulde) = A(9)D |kIG(2mck)

k0

CclifN Z ’k|27N’

k40

IN

where the series converges since N > n + 2.

Corollary 5.12. If ¢ € B, n(R") with N > max(n+2, k), then g,.(¢.) = 0
as ¢ — 00.

Examples 5.13. (i) Hardy’s multiquadric with shape parameter ¢ is defined
by

(62) o(x) == —/|z|? + %, =z eR"

where the minus sign serves to make @(n) positive. Note that p(x) = co(x/c)
with ¢(z) := —y/|z|?> + 1, so that we are in the situation of corollary 5.12,
except for an irrelevant multiplicative factor of ¢. The Fourier transform of
@ on R™\ 0 is given by

(n+1)/2 ‘n’_(n+1)/2K

@(n) =n" (2mc) (n+1)/2(clnl),

where K, is the MacDonald function, or modified Bessel function of the
2-nd kind: see for example cf. Baxter [1]. The limiting form of K, for
small values of the argument implies that as n — 0, 3(n) =~ A,|n|~""! (with
A, = 2np(=D/21 (%)), so that k = n + 1, and our RBF-scheme for the
heat equation will converge if n > 2, at a rate of K" '. The MacDonald
function is known to decay exponentially at infinity, so that we can apply
corollary 5.12 to conclude that [, (¢.) and g.(¢.) — 0 as ¢ — oo. In fact,
these will converge to 0 at an exponential rate.

If n =1, then k = 2, and the scheme will not converge. However, corol-
lary 5.12 together with theorems 5.8 and 5.9 show that we can make the
error arbitrarily small by taking the shape parameter ¢ sufficiently large,
with moreover an arbitrarily large apparent order of convergence for small
but not-too-small h’s if the Fourier transform of the initial value decays suf-
ficiently rapidly at infinity. At first sight, this may seem strange, because
we are after all simply performing an additional scaling by ¢, and we are
already using scaled basis functions ¢ (z) = p(h~1x) for our interpolation.
Note, however, that we are interpolating with ¢.;, on hZ"™, and not on chZ".
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(i) If we take a homogeneous basis function, ¢(x) = |z|P with p > 0, then
¢(n) is proportional to |n|7P~™ on R™\ 0, so that K = n+p = N and corollary
5.12 does not apply, as indeed it shouldn’t: if ¢ is homogeneous, then L;(¢,)

and G(¢.) are independent of ¢, and therefore g, (¢.) and () also.

6. Convergence of the RBF scheme for pseudo-differential
evolution equations

The results of the previous section remain valid for a large class of pseudo-
differential evolution equations of the form

(63) ou+a(D)u=0, t>0,

under suitable conditions on the symbol a = a(§), notably that Rea(&) > 0.
Here a(D) is defined by (a(D)v)*(§) = a(£)v(€), initially with domain
S(R™), for example. We are in fact restricting ourselves to a rather special
class of pseudo-differential operators, the Fourier multiplier operators, which
are also convolution operators: if a(§) is a tempered distribution and if f is
a test function, then a(D)f is the convolution of f with the inverse Fourier
transform of a. These can also be considered as constant coefficient pseudo-
differential operators, since general pseudo-differential operators have sym-
bols which also depend on z. The latter are outside of the scope of this
paper, but the multiplier operators we consider here already contain many
interesting examples, such as the fractional Laplacians or the generators of
large classes of Lévy processes. For the latter the equation (63) occurs for
example in mathematical finance, and has been treated numerically in [2]
using the RBF scheme we investigate here, with good results. We note that,
from a numerical point of view, convergence of our RBF scheme for a con-
volution operator is far from obvious, since these, as integral operators, are
non-local, and one needs basis functions which grow polynomially at infinity
to obtain good convergence. To understand the good performance of these
RBF schemes was a main motivation for writing this paper.

As regards the symbol, we will only need the relatively weak condition
that a € S(R™), the set of C*°-functions a on R™ such that for each multi-
index o there exists a constant C,, such that

(64) 0ga(é)] < Ca(1+ [¢])

on R™. It is noteworthy that we will not need the faster (14-|£|)9~!*/-decay for
the derivatives which is often a standard requirement in pseudo-differential
theory and which for example is satisfied by the symbols of partial differential
operators. We first examine the action of a(D) on Li:

Lemma 6.1. If ¢ € B, n(R") with N > n + p, then a(D)L; is a bounded
continuous function and there exists a constant C > 0 such that |a(D)L1(z)| <
C(l+ |z|)~F

The proof is similar to that of theorem 2.3. In fact, here, and in other
results below, it would have sufficed to require (64) for |o| < [k] +n + 1.

The second condition we will need to put on the symbol is that it has a
non-negative real part:

(65) Rea(§) > 0.
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Perhaps curiously, we do not need ellipticity (or hypo-ellipticity) of Re a(§),
which means that our results below will also apply to the free Schrédinger
operator, for which a(¢) = i|¢|?, or the ”half-wave equation”, with a(¢) = [£].
The heat equation obviously also falls within the class of allowed evolution
equations, as do the Kolmogorov-Fokker-Planck equations associated to cer-
tain Lévy processes which we will consider in more detail at the end of this
section. The proofs below will be similar to the ones for the classical heat
equation in section 5, and we will only signal when there are differences.

As in the previous section, we will be interested in solving (63) with initial
value f using a scheme which is the RBF-variant of the classical method of
lines, looking for approximate solutions of the form (42), where L is the
Lagrange function on Z" associated with a basis function in B, y(R™) with
k > 0and N > n+ ¢, in view of lemma 6.1. The coefficients c(t; h)
of uy are again determined by requiring that uj; solve (63) exactly in the

interpolation points: Opup(hj,t) = —a(D)up(jh,t) for j € Z™. This now
leads to the (infinite) system of ODEs

dej(t; h) _1 . _
(66) = ;am Dy)(L1) (i — K)ex(t; h)

where a(h~'D,) has symbol a(h™1¢) and where we have used that a(D)
commutes with translations. We again have to solve this system with initial
condition ¢;(0) = f(hj). One shows as in lemma 5.1 that if p < & then
there exists a unique solution in C'*°([0, 00), £2,) and that, as a consequence,
up[f](-,t) is in L, (R™) if f € L2, (R") with norm bounded by a constant
times that of f.

Remark 6.2. One noteworthy feature of the RBF-scheme is that we do
not need to discretize the operator a(D), contrary to for example Finite
Difference schemes, but only need to know its action on Lj or ¢ (in the
context of irregularly spaced interpolation points). This is an advantage
when the operator is a singular integral operator, as for example for the
generators of Lévy processes: see [2] for a concrete example and further
discussion.

To further analyze the RBF scheme we introduce the auxiliary function
G, on R™ x Ry defined by

(67) Ga(&h) = > a6+ 2nh k)L (h€ + 2k)
k
Sopalé+2rh k) p(hE + 27k)

>, o(hé + 27v) ’

where the series converges abosolutely, given that N > n + ¢. One shows
analogously to lemma 5.2 that if the initial condition f is a Schwarz-class
function and if a € S{ satisfies (65), then the Fourier transform with respect
to = of up(z,t) is given by

(68) (€, 1) = e CaEM g 7] €).

The function G4 (&; h) is in C’gd_l’ﬁ_(m_l)(]&"), which allows the extension
of this formula to initial values f of polynomial growth strictly less than &
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whose Fourier transform coincides on R™\ 0 with an element of L!(R", (|£]* A
1)dg).

We also note that G,(&;h) is 2w /h-periodic in £ and non-negative. Its
zero-set contains 2rh~1Z \ 0 but may be larger, unless a(¢) > 0 for all &,
and it satisfies the following basic estimate which generalizes proposition
5.3(ii)).

Proposition 6.3. Suppose that a € S{(R™) for some ¢ > 0, and let ¢ €
B, n with N > q+ k. Then there exists a constant C such that if h < 1,
then

(69) Ga(&h) — a(§)] < CR™EL", [€] < 7/h.
Proof. We have
Gutgit) = a(©) = o) (1209 -1) + (6+ %) atng + 2e).

The first term is bounded by a constant times (1 + |£])9|hE|" < ChF9|E|"
if |hg| < m. As for the other terms, | + 27k/h| is comparable to |k|/h if
€] < 7/h, s0 |a(€ + 2mk/h)| < Ch—4|k|?. Next, by (10),

Li(he + 2nk) < CIRe||k|™N,  |he| <,

so that
21\ ~
> la (s + ;) La(hg +2mk)| < CRE1[" Y kTN < CR g%,
k#£0 kE#0
which proves the proposition. O

Suppose now that f € LZOP(R”) is of poynomial growth of order at most
p such that ﬂRn\O € LY(R™, (|¢]® A 1)d€). The unique solution of the initial
value problem in the space of tempered distributions is given by u(&,t) =

e‘ta(f)f and it follows from the arguments in Appendix B that for each
t >0, u(z,t) is a continuous function of polynomial growth of order at most
p. Moreover, by the arguments of that Appendix, the Fourier transform of
up(x,t) — u(z,t) is given by

e HGHEN (S11F](€) = F©)) + (710N 1) e fig),

We then have the following convergence theorem.

Theorem 6.4. Suppose that a € SE(R™) satisfies (65) and that k > q > 0.
Then there exists a constant C' such that for f of polynomial growth or order
strictly less than k such that f|rmo € LL(R™) we have that

(70) (-, 8) = u(,B)]|a < Ct- R f][.

Proof. The proof is similar to the proof of theorem 5.5, with a small twist.
By proposition 6.3 and the elementary inequality |e* — 1| < emax(Rez0)
z € C, we have that since

Re(a(€) — G(&: 1)) < Rea(€)(1 ~ Lx(h8)) < OW*|e["Reas) < sRea(s).
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if h|¢ < (20)71 %, there exists an r > 0 such that if h|¢| < 7, then

(—tGER) _ —ta(®)| _  —tRea() | ,~HG(ER)—a(&) _ 4

< Cth/{fq|§|mefétl:{ea(§)7

which in absence of further hypotheses on the symbol a(§) we simply bound
by Ch"~P|{|*. The rest of the proof proceeds as before.
O

Note that, on comparing with theorem 5.5 where ¢ = 2, we require a
stronger decay of f at infinity, which translates in two additional degrees of
smoothnes (two extra derivatives) of f. If we assume that Rea(§) is elliptic,
then

(71) sup ¢¢]7e7MRe 4O < oo,
R”

is independent of ¢ and theorem 6.4 remains valid if ﬂRn\o € LY(R™, |79 A
|€]%), on replacing Ct by C(t + 1).

One can finally formulate lower and upper bounds for limy_,o A"~ 9||up (-, t)—
u(+,t)|[a similar to those of section 5.3 on replacing g_|¢|* and g,[£|" by
g (§) and g, (&), defined as the liminf respectively limsup of

Za,k
|G(& k) — a(§)]
hrx—4
as h — 0. Computing these functions is more difficult with the generality we
allow for our symbols. We state a result under the simplifying assumption
that a(£) behaves as a homogeneous function of order ¢ at infinity and @(n)
as a homogeneous function of order —x at 0.

Theorem 6.5. Let a be as in theorem 6.4 and suppose that

. a(An)
2) Y

= oo (1)

exists for all n € R™\ 0. Suppose also that A :=lim, o |n|"P(n) exists. Let

1 .
(73) Jak ‘= a kZ#O aoo (27k)p(27E).

Then if K > q and ﬂRn\o € LL(R™), then

(14) Ji b s 0) =l Olla = gl [ et )] ds

while if k = q this limit equals

(75) [

This can be easily proved using Lebesgue’s dominated convergence theo-
rem, first in its discrete form to verify that
Ga(§;h) —a(§)

lim ——————=~ =
hli}r(l) hﬁ_q’§|ﬁ ga,ﬁ?‘)

1— e—tga,nlﬁ\*””

e tReal®) | F(g)] de.
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(note the absence of absolute value signes here in contrast to the definitions
ofg (§)andy,,(¢§) above) and next for the integral of |e~tCa (&h) e‘ta(f)‘ |f ()]

over |¢| < r/h. We can allow f € L,lf?H(R") for some k € (k —2, k] (which we

recall allows to control both the integral over || > ¢/h and ||m — Il by
a term which is O(h*)).

We note that if Re a = 0 on R", then g, , can be equal to 0, e.g. if the
function ax(17)®(n) is odd. This would for example apply if we would use
a radial basis function scheme with an even basis function ¢ to solve the
constant coefficient transport equation dyu 4+ v - Vu =0, v € R™.

One can finally state and prove an approximate approximation analogous
to theorems 5.8 and 5.9 when g, . and [, are small and f(g) decays suffi-
ciently rapidly at infinity. In particular, if Kk = ¢ then ||up(,t) — h(-, t)||oo
can be made arbitrarily small by an appropriate choice of basis function.
We leave the details to the reader.

Examples 6.6. We give some examples of evolution equations (63) which
are of interest for applications.

(i) The fractional heat equation:
8tu + (—A)Su = O,

where s € (0,1). Here the symbol, a(¢) = |¢|? is not smooth in 0, but only
the behaviour for large || matters.

(ii) The Kolmogorov - Fokker - Planck equation associated to a Lévy process
(Xt)t>0 on R™. Recall that according to the Lévy - Khintchine theorem

such a process is completely characterized by its characteristic function,
E (ei(&Xt)) — (&) with

. 1 T, ;
GO =i~ e+ [ (79 -1 it ) dvie),

where X is a positive semi-definite linear operator and where v is a positive
Borel measure on R™ \ 0 such that

/ (|z* A 1)dv(z) < oo,
R7™\0

called the Lévy measure; x is a compactly supported function which is equal
to 1 on a neighborhood of 0, and which can be taken smooth, if necessary.

If, for a given f, we let u(z,t) = E(f(z + X¢)), then u satisfies (63) with
a(€) := — (&) and initial value f. Note that a(&) satisfies (65) since

Rew(€) = —3 (S6,6) - /R (o83 ~ @) 0.

Under appropriate hypothese on the Lévy-measure v one can derive symbol-
type estimates for a(&). For example, when dv(x) = |z|~%h(x)dx with g <
n + 2, and h(z) a rapidly decreasing continuous function, then a € Sg if
¥ # 0, and in S§" if V = 0: cf. remark A4 in Appendix A below.
Examples of such processes are the jump-diffusion processes and the CGMY-
processes of mathematical finance, which were treated numerically in [2],
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[5] and [6] with different choices of basis functions (respectively the multi-
quadric, inverse multi-quadric and the cubic spline).

1]

[13]

[14]
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APPENDIX A. Proof of theorem 2.3 on the existence of a cardinal

function

We prove the existence and main properties of the cardinal function as-
sociated to a basis function ¢ € B, n(R"™) as stated in theorem 2.3. This
was done by Buhmann [3], [4] for a more restricted class of radial basis func-
tions. The main difference in our treatment and that of Buhmann is the use
of a simple lemma, lemma A.2 below, which relates decay at infinity of the
Fourier transform of a function with its behavior in 0, and which allows us
to go beyond the case of ¢’s whose Fourier transform has a homogeneous
singularity in 0. We also fill in what we believe to be a minor gap in the
original proof.

Before embarking upon the proof, it may be interesting to observe that
the estimates (3) are analogus to the symbol conditions of pseudodifferential
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calculus, except that the latter concern the behavior at infinity* instead
of at 0. From this point of view, (4) corresponds to having an elliptic
symbol, whence our terminology. Buhmann’s definition of admissible basis
functions required in addition that ¢(n) = ¢|n|™" + r(n), where ¢ > 0 and
where, for some ¢ > 0, [9pr] < Colnl™* as |n| — 0 for all relevant . In
the pseudodifferential analogy, this corresponds to having a homogeneous
principal symbol. As already mentioned, [3] needed an additional restriction
on € which we manage to avoid.

We note that as a consequence of conditions (ii) and (iii) of definition 2.1,

a/~—1 K—|a
(76) 5@ < Clpl* 1 Il <1, ]al <n+ K]+ 1.

Turning to the proof of theorem 2.3, we start by defining L1 as the in-
verse Fourier transform of the right hand side of (8): since the latter is
an integrable function, by definition 2.1(iv), L is a well-defined continuous
function. We first show that Lj(z) has the proper decay at infinity.

Theorem A.1l. If p € B, N, and if
_ o()
(77) Ly:=F! < - > .
> kezn P(- + k)

Then there exists a positive constant C' such that

(78) [Liy) < CA+Jyh)™™", yeR™

The proof will use the following lemma, which basically is a special case
of a classical estimate for kernels of convolution operators: see e.g. Stein
[13], proposition 2 of Chapter VI, section 4.4.

Lemma A.2. Let p > —n and let a € CWPIH LR\ 0) be supported in
some ball B(0, R) such that®

(79) 0ga()] < CleP1, € €R, Jal < [p] +n+ 1.
Then the inverse Fourier transform k = F~1(a) satisfies

(30) k(@) < C1(1 + )", @ £0,

with a constant Cy < ¢,C, where ¢, only depends on n.

Stein actually proves a stronger result under stronger conditions: if (79)
is satisfied at all orders, and without the condition on the support of a, then
k can be identified with a C*°-function away from 0, satisfying |05k(x)| <
Cy|x|7P~" 1o for all o This result is stated and proven for p = 0, but the
proof generalizes to any p > —n. We only need this estimate for k(x) itself,
in which case we only need (79) for the limited number of derivatives of a
indicated, and we also only need it for large |z| (note that if a has compact
support, k is continuous, even C'°°, and Stein‘s estimate for k£ at 0 becomes

41ndeed7 if (4) were required for all orders « (with constants which may then depend on
a), then x(€)@(¢/|€]?) € S™(R™), where x is a C*°-function such that 1 — x is compactly
supported, and S?(R") is the standard symbol class of order p (cf. [13]).

®Note that |p] +n+ 1> 1 since p > —n.
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trivial). The proof in [13] uses the Paley-Littlewood decomposition. An
elementary prove of lemma A.2 can be given by writing

k(x) = (2m)7" /R ~x(|2l€)a(§)e’ ™) de+(2m) ™" /R (=x(fel€)a(©)e e de.

where x € C*°(R") with bounded derivatives such that x(£) = 0 for || < 1,
x (&) =1 for [£] > 2, and integrating the first integral by parts |p| +n + 1.

Proof of theorem A.1. Let xo € C°(R™) such that xo(n) = 1 in a neigh-
bourhood of 0 and supp(xo) C (=, 7). For k € Z", define x by xx(n) :=
X(n + 27k) and note that the supports of the yj are disjoint. Finally, let
Xe:=1—=> 4 xk ("c” for "complement”), so that x. together with the x;’s
form a partition of unit. Then

(81) Li@) = @) + 3 tula),
kezm
where
=/ e "ork=c
@ = (g ) be ke

We examine the decay in = of the separate terms.

Decay of £.. The function x.(n)/ >, @(n + 27k) is in C’bLRHnH(R”), not-
ing that the denominator is a strictly positive periodic function which is
wa 141 o0 the complement of (277Z)™ and therefore on the support of x..

Multiplying with @, we find that Z,(n) is Cl*/+7+! with integrable deriva-
tives of all orders, which implies by the usual integration by parts argument
that [(.(z)] < C(1 + |z])~ (=) < (1 4 |z|) ™.

Note that El(n) is at best C%) in the points of 277", so integration by
parts will not give the required decay for of i, k € Z™. We use lemma A.2
instead.

Decay of £y. Since

7 L o(n)~" @ wk
lo(n) = x0(n) = xo(n) (Ll(n) - 1> = xo(n) ( P 20 P+ 27K) )

L 0(n) ™1 Yoo 90 + 2k)

and since 3, o @(n + 27k) is Clrl+n+1 on the suport of o, the estimates
(76) implies that fo(n) — xo(n) satisfies condition (79) of lemma A.2 with
p = k. It follows that |¢y(z)| < C(1 + |z|)~"™, since F~1(xo) is rapidly
decreasing.

Decay of £y, k # 0, c. This is similar, except that we have to pay attention to
the size of the constant in front of the (1 + |z|)™"*~". The Fourier transform
¢ (n) will now be supported near n = —27k. Shifting by 27k, we see that

() —1

o(n)
L+, 02~ 1¢(n + 27v)

is supported in a small neighbourhood of 0, with derivatives of order |a| <
|k] +n + 1 bounded by C(1 + |k|)~N|n|*~lol, with C independent of k.

U(n — 27k) = xo(n)e(n + 27k)
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Lemma A.2 then implies that
|0k ()| = gk(x)e%ri(kx) <CO(1+ \k‘|)_N(1 + ‘x|)—(n+n))'

Since N > n by assumption, summation over all k € Z" gives the desired
result. (]

We note that the above estimates for Zk also show that IALl satisfies the
Strang-Fix conditions (9). Once we have defined L; through its Fourier
transform, it is immediate to check that Li(k) = dox for k € Z™: indeed,
by the 27-periodicity of the denominator, writing the integral over R" as a
sum of integrals over translates of (—m, 7)™,

Lq(k ikn
1) e X, 0+ 2m) " (2m)n
— / Zu’ 85(77 + 27TV,) ez‘kn d?]
(camyn 2o, P +2mv) — (2m)"

It remains to recognise L; as a sum of translates of ¢. This follows as in
Buhmann’s paper by writing the denominator in the expression for L;(n) as
a Fourier series:

-1
(83) (Z o(n+ 27rk:)> = Z e,
k k
One verifies by the similar arguments as those of the proof of theorem A.1
that
(84) ek < C(L+[K))7"7T,

so that the series converges absolutely: write

“n xo(n) i(n,k) n / L=x0(m) ik
cr. = (2m / - ¢ R d + (27 - - <€ mE) d s
F ( ) (—m,m)" Zy QD(T] + 27TV) g ( ) (—m,m)" ZV QD(U + 27TV) "

and estimate the first integral using lemma A.2 and the second by integrating
by parts.

We finally claim that
(85) Li(x) =) cxple — k),
k

where the series converges absolutely, by (84), since ¢(z) grows at most as
(1 + |z )" ¢, by assumption. Formally, this follows by writing

; -~ inT d
L) = | (; k’m) o)™ e = el + )

except that the final step does not make sense since $1(n) might not even be
integrable in 0 and even if it is, when x < n, ¢ might differ from integration
against 1(n) by a distribution supported in 0.
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We have to carefully distinguish between the tempered distribution @ and
the locally integrable function n — @(n) with which it can be identified on
R™\ 0. The relation between the two is given by the following identity: there
exist constants c,, || < [k] — 1 such that for all ¥ € S(R"™),

S - B $9(0) -
@ = [ (wen— 30 P fans [ vy

la|<|x]—n

®6)  + D (=Dl ®(0),

la|<[x]—1

where the sum is interpreted as empty if x < n. Indeed, the first integral
converges since |n|l"J="+13(n) has an integrable singularity at 0. The sum
of the two integrals on the right defines a tempered distribution. If we
designate this distribution by Ag then the restriction of Az to R™\ 0 can be
identified with the function @(n). The difference @ — Az is then supported

in 0, and therefore a linear combination },, , caé[()a) of derivatives of the
delta distribution in 0. To bound p, we use the following lemma, whose
proof we postpone till the end of his section:

Lemma A.3. If k > n, then the inverse Fourier transform F~! (A@) s a
continuous function which is bounded by C(|z|"~"+1) for non-integer k and

by C(|x|"™log|z| + 1) if Kk is a positive integer.

Since the inverse Fourier transform of Z| al<N caé(()a) is a polynomial of order
p, and since, by assumption, ¢(x), has polynomial growth of order strictly
less than k, it follows that p < k, which is equivalent to p < [k]| — 1 (which
is | k| if k is non-integer, and k — 1 otherwise.

We will now use this identity to prove the equality (85), as tempered
distributions. Let ¢ € S(R™) and put

¥(n)
> ox P1(n +27k)’

Then U is Cl5) if & ¢ N, and C* bl if x € N*, with all its derivatives
rapidly decreasing. To obtain a function in the Schwartz class S(R™) we
convolve with x.(z) := e "x(z/¢e), where y € C°(R"™) with integral 1. Let
W, := yx. * W. Then we first claim that

(87) @we) = | Li(n)y(n) dn,

¥(n):=

To show this it suffices to consider the case that £ > n. By using the familiar
remainder estimates for the Taylor expansion one shows that if we assume
for example that supp(x) C B(0,1) then there exists a constant C' > 0 such
that for all ¢ <1,

\1'5(77) — Z \Ifgoc)((])na < C max sup |\11 |,‘,r]|\ﬁj—n+1
la|<|k]—n al |B]=|r]—n+1 B(0,1)
< C max sup |\1;(ﬂ)| . ‘m@ﬂ—n—i—l’

|8]=Lr]—n+1 B(0,2)
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where we note that if n > 2 or if K ¢ N*  then derivatives of ¥ of order
|k] —n+ 1 exist, while if n = 1 and xk € N*, these derivatives exist a.e. but
are uniformly bounded, and the estimate remains true. Next, NS () —
U@ (z) for |a| < [k] — 1 since ¥ is CI#1=1 and ¥(®(0) = 0 for such a,
since (3, @(n + 2mk))~! vanishes of order x in 0. Hence (87) follows by
dominated convergence,

Since W, is Schwartz-class, we have (3, VU.) = (o, U.). By (83) ¥ =
(Zk cke_i(km) 1 (n), which can be interpreted as the product of a tempered
distribution and a test function, and its Fourier transform equals

T(z) =Y exh(z — k).

k

One easily verifies that]\fl(xﬂ <C 4 |x])=r ™
Since V. (x) = X(ex)¥(x), and since |p(x)] < C(1 + |z|)** for some
p > 0, Lebesgue’s dominated convergence theorem shows that

w0 = [ e@F@Rlends

— /Rn o(z) (Z Ck’(Z(CC - k:)) dzx.

k

o~

Finally, one checks that the functions (x, k) — cpp(z)(z — k) and (x, k) —
crp(x + k)(x) are integrable on R™ x Z" with respect to the product of
the Lebesgue measure and the counting measure. A double application of

Fubini’s theorem then shows that the right hand side equals

/ (Z cxpla + k)) b(a) de,
R™ \ %

which proves (85).

Proof of lemma A.3. The lemma is classical, but since we could not locate
a convenient reference (apart from the well-known case of homogeneous §),
we sketch the proof. For k < n, the inverse Fourier transform is a bounded
function, so suppose that x > n. Since 1y,>1}(n) is integrable, its inverse
Fourier transform is a bounded continuous function, and it therefore suffices
to examine the inverse Fourier transform of the tempered distribution de-
fined by the first integral on the right hand side of (86). This distribution
being of compact support, its inverse Fourier transform is the function k(z)
obtained by taking 9 (n) = (2r) " ®m):

: ik (z,m)k
88) k()= (2m)" /| L a(n) | e _Z(kv‘") .
nl< !
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where v := | k| —n. This can be bounded by

—k | i(x ij $77]j
ko)l < o peleen S E@D g,
In|<1 j<v J:
(Z,n)’
= Ol [ - S gy
[n|<|z| j<v J

Split the integral into one over |n| < ¢ and one over the complement, where
¢ > 0 is some fixed number and where we assume wlog that |z| > ¢. For the
first integral, since

|,,7|1/+1

)

el(w””z('”ﬁ', ) < l,l(g,j,rz)l”+1 <
i<v : V. V.

the integral converges at 0 and we can bound its contribution to k(z) by
Clz|"~™. As for the second integral, it can be bounded by a constant times

|| 1 A A
‘$|m n Z/ —H+]+n 1d7” _ ’$|n n Z — (|x’]—n+n o C]—n—i—n) ,
c

assuming that x ¢ N. Since j — k +n < v — k +n < 0 by the definition of
v, this will be bounded by C|z|*~"™.

Finally, if Kk € N, kK > n, then v = k — n and the first integral is still
O(|n|"~™ while the second integral gives a contribution of

|| "Z/ )Ly

e Y e () - ) gl o)

< Cla""(log || + 1).
O
Remark A.4. The only hypotheses on p(n) we needed for this lemma is

that it be integrable on {|n| > 1} and that @(n) = O(|n|~") near 0. If we
strengthen the first assumption to

(89) 7120 [Lgjyi21y € LT (R™),

where r € N, then k& will be r-times differentiable, and the proof will provide
estimates

. Clafmaxts=nlol®) 1 1) kg N
<
‘ax ($)| = { C(|x|max(n—n—|a\:0) log |l" + 1) k €N,

for the derivatives. For the proof it suffices to observe that if k(x) is given
by (88) then its derivative of order « is given by the same formula with @(n)

replaced by (in)*@(n).
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These estimates can be used to obtain symbol estimates for the generator
of pure-jump Lévy processes, in which case @dn would be replaced by a Lévy
measur of the form

dv(n) = mdn,

with ¢ < n+2, and h(n) a rapidly decreasing continuous function satisfying
(89) for all . The inverse Fourier transform of Ay in the lemma then is,
modulo a function in C3°, equal to the symbol of the generator of the Lévy

process, and the estimates show this symbol to be in S(r]nax(q_n’o) if g ¢ N,

and in Sénax(q_n’o)+€ for any e > 0 otherwise (even a bit better, since the
first few derivatives will decay relative to the symbol itself). Examples are
given by the CGMY-processes which are used in financial modeling.

APPENDIX B. Some technical proofs

B.1. Proof of lemma 3.5. Let F' € L' (R"\ 0, (|¢]* A 1)d€), where aAb =
min(a,b) and k£ > 0. Then F' gives rise to a tempered distribution Ap €
S'(R™) defined as follows: if g € C°(R™) be equal to 1 on a neighbourhood
of 0, we put

&

ol

00 ro) = [ |- X 600 | s@r©d

la|<TK]—-1

The integral converges since ¢ — 3, <71 Y@ (0)e*/al = O(J¢|IF) =

O(|¢]") in a neighbourhood of 0 and defines a distribution of order [x]. Note

that Ar coincides on R™\ 0 with the function F which is in L{ (R \ 0).
We next observe that Ap extends to a continuous linear functional on the

Holder space C)"17 .= C["1 AR with A = & — ([x] — 1). Indeed, if
Y € CEA(R™), we have the Taylor remainder estimate:

1) @) = D g/l <[ DT [P loa | 165,

la|l<K 1BI=K
which shows, with K = [k] — 1 and A\ = k — ([k] — 1), that (Ap,?) is

well-defined and continuous.

We can, in particular, let Ap act on the imaginary exponentials & —
¢'®€) The function

F:xz— (2m)™" <AF, ei(m’5)> .
is then found to be bounded by C(1 + |z|)¥, since |[e/@)||x\ < C(1 +

|z|%+*), and one checks that the inverse Fourier transform of Ap coincides
with F. In fact,

(92) |F(2)] = o|z]"), |z] — oo,

which can be seen as follows: writing F' = xF + (1 — x)F with x the
characteristic function of a small ball around 0, and observing that (1 — x)F
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is integrable, we can we can wlog assume that F' is supported in {g = 1}. If
we apply (90) with ¥(€) = €/(®£) then"

5 iz) € (11—, dg
F(z) = Z/RHF(O( ;! /0 ((m—l))! € (’g)ds(%)n

laf=r

e 1 . 1—s Kk—1
=: Z (i) /0 Fa(sx)((li_l))!ds,

|a|=k

where F,(x) is the inverse Fourier transform of the L'-function & — £*F ().
By the Riemann-Lebesgue lemma, Fy,(sz) — 0 as @ — oo, for all s € (0, 1],
and the same is true for the integral over s € [0,1], by the dominated
convergence theorem. Hence F(z)/|z|® — 0 for 2 — oo, as claimed.

Now let f be a measurable function on R™ of polynomial growth of or-
der strictly less than k, such that its Fourier transform f (in the sense of
distributions) satisfies

Flamo € L' (R (IE]" A 1)dE).
We write A 7 for A Flano” Then f— A 7 is a distribution which is supported
in 0, and therefore of the form ZIaISN cad(()a) for certain N € N and ¢, € C

with 37—y [cal # 0. Since the inverse Fourier transform of f- AfA is a
polynomial of degree N, it follows that N < [k] — 1, the largest integer
which is strictly smaller than &, since otherwise |f(z)| would grow at a rate
of at least |z|l*! > |z|* in certain directions. (If & ¢ N this already follows
from the bound F(z) = 0(|]z|*), and if & € N we need to use (92).)

In follows that f: A f+zl al<N caé(()a) also extends to a continuous linear
functional on C#1=1A=([%1=1) We exploit this to define ¥ (f) by duality.

If ¢» € S(R™), we let
(93) S5(0) ==Y (€ +2rh k) Ly (hE + 27k).
k

Note that X} is the formal adjoint of ¥j;. By lemma 2.6, ¥} (¢) is Cbmfl)‘
with A = k — ([x] — 1) and uniformly bounded together with all its deriva-

tives, since 2rh~!-periodic. In fact, this is true even if ¢ € C’bm_l’)‘ with
the same A, on account of the decay at infinity of L. We can then define

-~

Yn(f), as a tempered distribution and, more generally, as a bounded linear
functional on Cb[ﬁ]_l’/\(R") by

(94) (=D w) = (Fohw)).

6e.g. by using the Taylor formula with integral remainder in the form

v - ¥ v = [ C s,
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We next check that Eh(f) is the Fourier transform, in distribution sense,
of sp[f]. This is done by a standard approximation argument, with some
care with the spaces in which the approximating sequence converges. We
first note that we can assume without loss of generality that fis compactly
Supported indeed, we can write f = f1 + fo /Wﬂl f1 compactly supported
and f; € LI(R”) and we know already that sp[f2] = Eh(fg)

So let f be compactly supported, and let y € CS°(R"™) be a non-negative
symmetric function with [, xdn = 1. Let x.(n) := e "x(n/e). Then ]/t\*XE €
C°(R™).

Lemma B.1. f* Xe — f in the dual of C™*, with K = [k] — 1 and
A=k — K.

Proof. On account of the symmetry of y,

(F*xesw) = (£ xe),
which is valid both for Schwarz-class functions ¢» € S and for ¢ € CFA*,
Write ¢, 1= ¢ * xe. If ¥ € CKA| then wéa) (z) — @ (z) pointwise on R™
for all |a| < K, while a trivial estimate shows that H?/)S:a)Ho,)\ < [,
uniformly in € > 0, for |a| = K. This, together with the remainder estimate
(91), the integrability of f(& )(J€]" A1) and Lebesgue’s dominated convergence
theorem, implies that <Af= Pe) — <Af,1/1>. Since also <5(()a),1/1€) — (53"),@

for all |a| < K, the lemma follows.
(]

T/}\le lemma immediftely implies t/}\lat if ¢ € S(R™), then <f* Xe» 25, (V) —
(f, 5 (1)), s0 Sp(f * xe) = Zp(f) in S'(R™) and even in (CEA) with K
and A\ as above. N

On the other hand, if we let f. be the Erse Fourier transform of f * x.,
then f. € S(R"™) since F* xe is, and splfe] = Eh(f* Xe).- We have that
fe(z) = (2m) " f(z)x(ex), with X the inverse Fourier transform of y, so
X € S(R™) and x(0) = 1. By hypotheses, f € L%, for some p < . Then if
a > 0 such that p + a < k, then

[snlfe]l = sulfllloo—pra) < CIIf (X(e) = 1) lloo,—(p+a)
[X(ex) — 1
< Cllflloo,—p SUD A e — 0,

as ¢ — 0. This certamly 1mphes that sh[fs] — sp[f] in S'(R™), so we con-
clude that sh[fs] = Eh(f * Xe) — sh[f] and therefore s,[f] = 2n(f) as
distributions.

We finally show that Eh(f) = f+F, where F is the (distribution obtained
by integrating against the) L! function
(95) F(&) = FO(La(he) = 1) + > (& + 2nh™ k) L1 ().
k40
We first check that F' is well-defined: first of all, each of the terms on the

right hand side is in L', on account of the Fix-Strang condition for L, at
¢ = 0 and the integrability of (|¢|* A1) f ({) Next, the function ® : (k) —
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f(§+27rh_1k:)(fl (h&) —dor) is absolutely integrable on R™ x Z™ with respect
to the product of Lebesgue measure and the counting measure, since

S [, e+ 2mh 1 ) — o

~

— [ = Tame)IF©lds + Y Lahg + 2ek) )l
k£0

~

= 2 [ a-Lne)IFle

Fubini’s theorem then implies that F'(€) is well-defined for almost all £ € R"
and that F' € LY(R"). If ¢» € S(R™), then a double application of Fubini will
show that

F(§)p(§)ds

R

~

= [ #OE 00 ~ 1)+ S ve + 2mhW)Ta(he +2mk) | Fle)a

k40
— [ (=) - wfe

Since, by the Fix-Strang conditions on Ly, all derivatives of order < [k] —1
of ¥5(¥)) — ¢ in 0 are 0, the last integral is equal to (f, X} (¢) — ¢) =
(En(f) — f,¢), and therefore Xy (f) — f = F, which finishes the proof of

lemma 3.5.

Remark B.2. The lemma and its proof generalizes to f’s such that ﬂRn\O is
a finite Borel measure with respect to which the function |£|* A1 is integrable,
provided that x ¢ N (the reason being that we then no longer have (92)).

B.2. Proof of lemma 5.4. It again suffices to consider the case of com-
pactly supported f’s. Let x. = e "x(-/e) be an approximation of the
identity, as in the proof of lemma 3.5 and let f. be the inverse Fourier
transform of f * .. We have seen that p,(f.) — Sp(f) in (CK)‘)/. Since

e~h™MG(h) ¢ (C’K”\)/, this implies that
e hTHGI) F Ly (mh G T
in (CK’)‘)/ and hence in §'(R™).

On the other hand, we have seen in the proof of lemma 3.5 that f. — f
in L=, , if a > 0. Hence by lemma 5.1, if a < k — p then uy[f:] — us[f] in
Lx, ., and therefore as tempered distributions. This implies that

_h—2 . s s
e O Fup [f] = unlf],

—2
_ oh %G

where we used lemma 5.2. Hence m (h')f as tempered distri-

butions, as claimed.
We finally Prove (48): suppose that fe L', 2(R") and define
g(&.t,h) == e t(h2G(h)—Ig?) _
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Then g is a Cbmfl’)‘ -function which we have shown vanishes to order |£|* in

0. The representation J?: Af—i— Zla\ﬁwfl caé(o‘) from the proof of lemma
3.5 then shows that the distribution g(-,¢,h)f can be identified with the

o~

locally integrable function £ — g(&,t, h) f(€). O
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