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Numerical Analysis — Lecture 1

1 Polynomial interpolation

1.1 Lagrange and Newton polynomials

Let f : [a,b] — R be a real-valued continuous function defined on some interval [a, ] and let
(x;)1, be n+ 1 distinct points in [a, b]. We wish to construct a polynomial p of degree n (notation
p € P,) which interpolates f at these points, i.e., satisfies

p(xi) = f(zi), i=

Theorem 1.1 (Existence and uniqueness) Given f € C[a,b] and n+ 1 distinct points (z;)_, € [a,b],
there is exactly one polynomial p € Py, such that p(x;) = f(x;) for all i.

Proof. 1) There is at least one polynomial interpolant p € P, the one in the Lagrange form,
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where /;s are called the fundamental Lagrange polynomials. Each ¢; is the product of n linear
factors, hence ¢; € P,. It also equals 1 at z; and vanishes at z; # z;, i.e., {;(z;) = ¢;;. Therefore
p € P, and

play) = flai) bilx;) = flay).
=0

2) There is at most one polynomial interpolant p € P, to f on (x;)},. For if there are two, p, ¢ € Py,
then the polynomial r := p — ¢ is of degree n and vanishes at n + 1 points, whence = 0. O

Remark 1.2 Let us introduce the so-called nodal polynomial

n

w(z) = ] (x — ).

=0

Then, in the expression (1.1) for ¢;, the numerator is simply w(z)/(z — x;) while the denominator
is equal to w’(x;). With that we arrive to a compact Lagrange form
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The Lagrange forms (1.1)-(1.2) for the interpolating polynomials are easy to manipulate theo-
retically, but they are unsuitable for numerical evaluation (unstable). A better alternative is the
Newton form which has an adaptive nature.

Method 1.3 (The Newton form) For k = 0,1, ..., n, let p;, € Py, be the polynomial interpolant to f
on zg, ..., x. Then two subsequent p;_; and pj, interpolate the same values f(x;) for0 <i < k—1,
hence their difference is a polynomial of degree k that vanishes at k points x, ..., z;_1. Thus

k—1
pr(r) — pe-1(z) = Ak [ [ (@ — 20), (1.3)
=0



with some constant A, which is seen to be equal to the leading coefficient of pj. It follows that
p := p, can be built step by step as one constructs the sequence (pg, p1, ...), with pj, obtained from
pr—1 by adding the term from the right-hand side of (1.3), so that finally

n n k—1
p(@) = pa(@) = po(@) + 3 lpi(@) - peor (@) = 3 Ai [ (& - 22).
k=1 k=0 =0

Definition 1.4 (Divided difference) Given f € C[a,b] and k+ 1 distinct points (z;)%_, € [a, b], the
divided difference f|xo, ..., xx] of order k is, by definition, the leading coefficient of the polynomial
pr € Py thatinterpolates f at these points. By definition, it is a symmetric function of the variables
[0, ..., xx), and if f(z) = 2™, 0 < m < k, then flxo, ..., Tk] = Okm.-

With this definition we arrive at the Newton formula for the interpolating polynomial.

Theorem 1.5 (Newton formula) Given n+ 1 distinct points (x;)}_, let p, € Py, be the polynomial that
interpolates f at these points. Then it may be written in the Newton form

pn(x) = flzo] + flzo, z1] (x — 20) + flzo, T1, 22] (€ — 20) (2 — 1) + -+~
"'+f[x0a$17"'axn} (.’ﬁ*l’o)(z*l'l)"'(l'*(ﬂn_l),
or, more compactly, - 1
pn(z) = Z flzo, ..., k] H(x —x;) (1.4)
k=0 i=0

To make this formula of any use, we need an expression for f[zo, ..., zx]. One such can be derived
from the Lagrange formula (1.2) by identifying the leading coefficient of p. This turns to be
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However, this expression has the same computational disadvantages as the Lagrange form itself
(instability). A useful way to calculate divided difference is again an adaptive (or recurrence)
approach.

Theorem 1.6 (Recurrence relation) For distinct xg, 1, ..., 2k (with k > 1), we have
Fl0s o 4] = flz, o xr] = flxo, o, Th—1] (15)
Tk — To

Proof. Let qo, ¢1 € Pr_1 be the polynomials such that ¢ interpolates f on  (zo,%1,...,Tk—1)

¢1 interpolates f on (1, ey The1, X))
and consider the polynomial
T — Tg Tk —
p(x) = ——aq(2) + Qo(z),  pEP.
T — Xo T — Xo

One readily sees that p(z;) = f(x;) for all ¢, hence, p is the k-th degree interpolating polynomial
for f. Moreover, the leading coefficient of p is equal to the difference of those of ¢; and ¢y divided
by x — o, and that is exactly what the recurrence (1.5) says. O

Method 1.7 The recursive formula (1.5) allows for fast evaluation of the divided difference table

zi  fl] = f(x) fl* %] flx, %, %] Tl %, %, %]
To — f[l‘o] N f[xowﬂ
X1 — f[ml] f[ZE(),ZCl,fCQ]
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This can be done in O(n?) operations and the outcome is the numbers { f[zo, ...,z }7_, at the
head of the columns which can be used in the Newton form (1.4).

Method 1.8 (Horner scheme) Finally, evaluation of p at a given point z using Newton formula
(provided that divided differences Ay := f[zo,...x;] are known) requires just n multiplications,
as long as we do it by the Horner scheme

= { . {{An X(x—2p_1)+An_1}x (x—xn,g)—i—An,g} X(x—xp_g)+ -+ Al}x(ac—xo)+A0.

1.2 Examples
Example 1.9 Given the data
mo| o] 1] 2] s
(@) ‘ 3 ‘ ~3 \ 1 \

find the interpolating polynomial p € Ps in both Lagrange and Newton forms.
1a) Fundamental Lagrange polynomials

lo(z) 2@ L33 602 4 112 - 6),
Gy = HEAEDD - Les 526,
(@) = HEDESD Lo g2y 8,
lo(w) = @D dga 02 o),
1b) Lagrange form:
px) = (=3)-lo(x) + (=3) - la(x) + (=1) - Lo(2) + 9 - L3()

B-3+3+3) b+ (-3+2-2-9) 2+ (Y -9+3+3) 23
3

= 23 —222+2x—3.

2a) Divided differences:
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2b) Newton form:



1.3 Some further formulas

Theorem 1.10 Let p,, € P, interpolate f € Cla, b] at n+1 distinct points x, ..., x,. Then for any x & (z;)

f(x)ipn(x) :f[Io,...,.T",I]W(I) (16)

Proof. Given xy, .., z,, let T := x,, 1 be any other point. Then, by (1.3), the corresponding poly-
nomials p,, and p,41 are related by

Prt1(x) = p(x) + flzo, . oy T, T w(a), w(zx) = Uo(x — ;).
In particular, putting « = Z, and noticing that p,,+1(Z) = f(Z), we obtain
f(i‘) = p”(a_:) + f[an ...,J?n,ff} W(i’),
the latter equality being the same as (1.6). O

This theorem shows the error to be “like the next term” in the Newton form. However, we can-
not evaluate the right-hand side of (1.6) without knowing the number f(z) (which we trying to
approximate). But as we now show we can relate it to the (n + 1)-st derivative of f (for which we
may havespme upper bound). For this we need a version of the Rolle’s theorem:

Lemma 1.11 If g € C*[a,b] is zero at k + £ distinct points, then g\*) has at least { distinct zeros in [a, b].

Proof. By Rolle’s theorem, if ¢ € C' is zero at two points, then ¢’ is zero at an intermediate point.
So, we deduce that g’ vanishes at least at (k—1)+/ distinct points. Next, applying Rolle to g’, we
conclude that g’ vanishes at (k—2)-+/ points, and so on. O

Theorem 1.12 Let [a, b] be the smallest interval that contains xo, ..., zy, and let f € C*[a,b]. Then there
exists £ € [a, b] such that

o, on] = 15 SP(E) (17)

Proof. Let p € Py, be the interpolating polynomial to f on (z;). The error function f — p has at
least k + 1 zeros in [a, b] so, by Rolle’s theorem, f(*) — p(*) must vanish at some ¢ € [a, D], i.e.,

PP () = rP().

On the other hand, if p(z) = a,z*+ (lower order terms), then (for any ¢)

p(k)(g) =kla, =: k:!f[wo, ,mn] . O



