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Numerical Analysis — Lecture 5

5 Error of approximation

Given a linear functional A and an approximation formula A\(f) ~ Z?f:o a; f(z;), we are interested
in the error (which is a linear functional as well)

N
ex(f) = A(f) - Zaif(xi)~
i=0

If X acts on f € C"t1[a, b], then it is natural to seek an estimate in terms of || f("+1)|| ., i.e.,
lex(DI < ex llF" Voo, ¥F € C™Fa, b (5.1)
Since f (n+1) = () on P,,, such an estimate can exist only if
ex(f)=0 on P,,

i.e., the approximation formula must be exact on P, (e.g., it can be interpolating of degree n).

If (5.1) holds with some ¢, and moreover, for any € > 0, there is an f. € C"*![a, b] such that

lex(fl > (ex = ) 1A oo

then the constant ¢, in inequality (5.1) is called least or sharp. The next section gives a general
approach to obtaining sharp estimates for the error functionals e, that vanish on P,.

5.1 Peano kernel theorem

Our point of departure is the Taylor formula with an integral remainder term,

n

fla) =Y -0 + o [0 62)

i=0

where the sum is the Taylor polynomial g, to f (at the point @). One can can verify (5.2) by integra-
tion by parts. It is standard to write the remainder R in the slightly different form, which makes
the range of integration independent of x:

b
R(z) = %/ (x—1t)% FOHD (1) dt, with (z —¢)7} := (max {x—t,O})n.

Let 11 be a linear functional on C™*!. Then
1 b L
() = lan) + 1(R) = (e + ([ =03 700 ). 53

Let us formally put p under the integration sign (that is exchange action of 1 and of ff), so that,
for any fixed value of ¢, it will act on the function

gi(e) := (e = 1)},

a function, say, of  which (for a given t) is defined as g;(x) := (z — )"}, « € [a, b]. To each value
t € R there corresponds a value p(g¢) € R, thus we have a function

K, (t) == p(ge) == p((e — 1)), teR.

It is called the Peano kernel of the functional ;1. So, formally, we can rewrite (5.3) as

b
W) = ntan) + o [ K1 D 0 54
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Definition 5.1 Denote by Aq the set of linear functionals which are linear combinations of the
functionals of two types

Du(f)=fW@ (0<k<n), zelab, 2)uf)= [ f@)w)dr, zelab].
Lemma 5.2 (without proof) If i € Ay, then equality (5.4) is valid (i.e., exchange of v and f: is justified).

Theorem 5.3 (Peano kernel theorem) Let A € Ag and let \(f) ~ Zf.v: o @i f(x;) be an approximation
formula which is exact on Py,. Then the error functional ey (and any other functional from Ay that vanishes
on Py,) has the integral representation

b
- / Ko, (00 (2) d. (55)

Proof. The formula follows from (5.4), where we put e, instead of 1, and use assumptions ey € Ay
and e)(g,) = 0. O

5.2 Sharp error bounds

Theorem 5.4 Under the assumptions of the previous theorem, for any f € C™, we have the sharp
inequality

1
ex(Nl < exllf" Voo, ex = — [ Kes [, (5.6)
where || e, [ := [ [Ke (8)]dt, and || f04) oo 1= maxyego) |FFD (1))

Proof. Applying the inequality

b
| [atwma] < / 0)] de - oo [B(O)] = 1] 67)

to the right-hand side of (5.5), we obtain (5.6).

Let us show that the constant c in (5.6) is sharp (the least possible). In (5.7), equality occurs if
we take h(t) = sgn g(t). Therefore, we get equality in (5.6) taking fy with fé”+1)(t) = sgn K, (t).
U

Remark 5.5 A minor problem in the above proof of sharpness of ¢, is that the sign-function f; (nt+1)
that provides equality in (5.6) is not continuous, whereas we consider f € C"*1.

Informally, we just allow the functions with piecewise continuous (n + 1)-st derivative, like
|z|™ 1, to be considered together with f € C" 1.

Formally, we can approximate a discontinuous sign-function fénﬂ) by a continuous func-
tion £ changing fénﬂ) by a linear function on arbitrarily small intervals, say of of length ¢’,
around the jumps. This will change the integral value in (5.5) by €”, hence for such f. we get the
estimate ex(fe) > (cn — e)er(”H) lso- Thus, ¢, in (5.6) is the least possible constant on C"** as
well.

Finally, here are two general results on the sharp constants in numerical integration and nu-
merical differentiation.

Theorem 5.6 (Error of Gaussian quadrature) Given n € Nand w(z) > 0, let (a;)7 and (z;)}, be
the weights and nodes of the Gaussian quadrature, respectively, i.e., (x;) are zeros of the monic orthogonal
polynomial Q1. Then we have the sharp inequality

dx—Zaqf x;)

Theorem 5.7 (Shadrin) For any n € Nand any A = (x;)]—, let Ln € Py be the polynomial that
interpolates f on A. Then, for any 1 < k < n, we have the sharp inequality

1QnalI3 1/ o

(2n +2)

k k n
1F® = 6o < 18 oo £ oo -

(n+1)!
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5.3 Examples
Example 5.8 Take formula (4.4):

F1(0) = =5 £(0) +2f(1) — 3 £(2).
It is exact on Py, hence the error on C3[0, 2] can be expressed as

() = 1) = [-310) 200 = §1@)] = 5 [ KO 0.

Here, with g;(z) := (z — t)%, the Peano kernel K has the form
K(t)=elg) = 20-DL+30-0-201-0F +352-03

{—2(1—t)2+ (2 —t)? { 2t — 242, te0,1],

1212 telL2)

So, K (t) > 0, and integration gives the value

K1:_/02|K(t)|dt—(/()1+/12)K(t)dt—;—i-é—;

Therefore, we have the estimate

12 1
(N < 51 51 Nloo = 5 17" lloo -
The constant ¢ = } is sharp: since K (t) > 0, we will get equality for f/ = const, e.g. for f(z) = 2.

Example 5.9 The Simpson’s rule,

/Qf@dﬂwldm@ﬁ#=%ﬂ—D+§ﬂ®+%ﬂD7

is exact on P, hence the error on C3[—1,1] is

o) = [ fOa-5ren -0 =50 = 5 [ Korroa,
where with g,(z) := (z — )3
! 1 4 1
K@) = elo) = [ (o= tido--1-02 - 40-02 - fa -2
[ 50=0P =3P —501 -0 [ —5t(+0)% te[-1,0]
L Lt | -dta-02 teoy

Now, K (t) changes its sign at ¢t = 0, so its L;-norm has the value

1 0 1
1,1 2 1 1
K= [ K@= ([ - [ rwa=2 -2+ d) =&,
—1 —1 0
so that - )
e(f) < 5115 1" loo = 35 1" oo -
1

The constant ¢ = 55 is sharp again: since K (t) changes its sign at one point ¢ = 0, we get equality

for f”(t) = C'sgnt, e.g. for f(z) = |z|>. For this f its third derivative has a jump, but for any
€ > 0 it can be approximated by f, € C* for which the constant would be ¢ > & — ¢, i.e.

() > (55— ) 172

17



