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Paper 1, Section I

4C Variational Principles
Given a real symmetric n x n matrix A, consider the quadratic function

Q(x) = x" Ax,
on the unit sphere S"~! = {x € R" : xTx = 1}. Assume that X is a unit vector such that

Q(xg) 2 Q(x), Vxe€ sn-t,

Show that x¢ is an eigenvector of the matrix A and determine the corresponding
eigenvalue E. How does this eigenvalue compare to the other eigenvalues of A?

For the case that

1 t
A_<t 1) —o00 <t< 400

calculate E, as a function of ¢t € R, and draw a sketch to show that it is convex.
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