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Paper 2, Section II
13C Variational Principles

This question concerns the movement of a particle in space R®. Introduce cylindrical
coordinates (p, ¢, z) and assume that the trajectory of the particle can be parameterized
as a curve

2= (p(2), 0(2))

going from A = (p(z0),#(20),20) to B = (p(21),¢(21),21), and is such as to make the
following functional stationary:

Fpdl= [ ntpo w1 (2) 42 (%)t where s>
PPl = 20 e 9z r\g; ) @ wherez >z,

where the function n = n(p, ¢, z) is positive and smooth. Write down the Euler-Lagrange
equations for this functional.

In the case that n = n(p) depends only on p, show that there are special solutions
to the Euler-Lagrange equations of the form

p(z) =R,  &(z) = ¢y +w(R)z,
where R and ¢ are constants, and w = w(R) solves an equation
n(R)Rw? + a(1 + R*w?)n'(R) = 0 (¥)

for some constant a which you should find. [You may assume (x) has two solutions +w,
with w > 0.]

Find a condition on a positive number L which implies that the points having
cylindrical coordinates (R, ¢g,0) and (R, ¢g, L) can be joined by means of these special
solutions and sketch two of them.
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