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Paper 4, Section II
13C Variational Principles

The equation of motion for a bead of mass m moving without friction on a cycloidal
shaped wire is the Euler-Lagrange equation for the functional

T .
S[¢] = /0 (ma?(1 — cos ¢)¢? — mga(1 + cos ¢)) dt, T>0.

Write down the Euler-Lagrange equation for this functional, and show it implies that

u = cos(%) satisfies
i+ w?u =0, (%)
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where w” is a positive number which you should find. [You should take m, g, a to be positive

constants.]

Using the change of dependent variable ¢ — u = (:05(922)7 define a new functional
S[u] = f[;‘r f(u,@)dt such that S[u] = S[¢]; give a formula for f and give the Euler-
Lagrange equation for 5. How is this equation related to (x)?

Give the second variation functional §25(n), where the variation functions 7 vanish
at the endpoints ¢t = 0 and ¢t = T. Consider the solution u(t) = A coswt of (x) with fixed

endpoint conditions
u(0) = A, u(T) = AcoswT,

on the interval 0 < ¢t < T. By considering the orthonormal collection of functions

2 | nmt
en(t) = T s

find a number #( such that A coswt is a local minimizer of S if T < ¢y but not for T > .

[Hint: you may assume all variations to be of the form n =" cpen(t), and re-
arrange and interchange sums with derivatives as needed. Observe that é, = —(nw/T)%ey ]
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